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~ w Fourier Series

3.1 : Fourier Series Representation of
Periodic CT Signals

Important Points to0 Remember
. o Fourier representation provides time frequency conversion of wmmumpm.,.

e The signal satisfies Dirichlet conditions if its Fourier series is
convergert. ‘ ;

.
S

D...u..i..._w.“»ﬂm.bmiogmﬂ conditions for existance of fourier series.
=" [SPPU : May-19, Marks 5]

Ans. : i) Single valued property : x(z) must have only one value at ahy

time instant within the interval T.

it} Finite discontinuities : x(?) should have at the most finite number of
discontinuities in the interval T,. Because of this, the signal can be
Aowwomoanm mathematically,

. dif) Finite -uou_a The signal x(?) should have finite EE&Q of maxima

and minima in the interval 7j.
iv) Absolute integrability : The signal x(2) should be absolutely
integrable, i.e. ... |x(2)|<e. This is because the analysis. equation
<Tp>
infegrates x(?). :
e Above conditions are sufficient but not necessary conditions for Fourier
series representation. ;

» Most of physical signal satisfy above conditions.

b
(3
Q.2 State the necessity of Fourier representations.







B e 48 Mt £ e s o

ST Dl e B R R R SRR

Signals and Systems 7o Fourier Serles ,.. Signals and Systems 3-5 Fourier Series

e 2) Compact Trigonometric Fonrier Series

= I~ [sin2ms —sin 0] = 0

i i It 1s also called polar fourier series. It is given as follows :
\‘ Thus cosnt and Roﬁsmﬁﬁ. function are orthogonal over an interval 0 8 , J =
_ 2m. i x(t) = D(0)+ >, D(k)cos (kogt + 6(k))
v . k=1
| :
| 3.3 : Fourier Series (FS) Representation 2 e = n,.w. ‘_. x(£)dt Q52
1 ef CT Signals 5 <T>
: ( Important Points to Remember & A D(k) = +Ja(k)* +bik)* and ¢p(k)= —tan 03]
_“ ,. e Fourier series is used to represent periodic CT signals. 3) Exponential Fourier Series
i e The H.oE.mow series 1is o».. three .J‘ﬂnm. : Trigonometric, ,cos‘%woﬁm It is given as,
5 trigonometric and exponential fourier series. . \.M
.M by - > ,\f 1 -
; Q.5 Define the three types of fourier séries. x(t) = D X(k) e/*0" (synthesis equation)
=" [SPPU : May-19, Marks 3, June-22, Dec.-22, Marks 6] i = ...(Q.5.3)
. R 1 i 1, .
Ans. : 1) Trigonometric fourier series e where X(k) = — .ﬁ e /204t (analysis equation)
It is given as, i <T>
= — - Here X(k) are called Fourier Series coefficients.
X() = a(0)+ Y a(k)cos kwyt+ Y, b(k)sin kot 2 pere () .
=1 E=1 ® x(#) and X(k) are represented by the Fourier Series (FS) pair as,
1 : |
.a..‘ira«o, a(0) = 7 _. x(1)dt ‘ A x(1) ¢ ES 5 X(k)
2 = Q5.1 g Q.6 State the applications of Fourier series
ak) = = _. x(2)cos kwg ! dt : : . : =p
HAHV - : : Ans. : 1) Harmonic analysis of periodic signals.
e 2 ._. oy W ii) Advanced noise cancellation in digital filtering.
: T <T> ] s iii) Trigonometric Fourier series is cmoa in approximation theory.

iv) Control theory uses Fourier series.
e Here ._. indicates integration over one time period.

: v) Vibration, acoustical analysis and electrical engineering,
<T>

vi) Optics, image processing and quantum mechanics.
vii) Solution of differential equation.

viii) Solution of Basel problem by Parseval's theorem.

.
1
I

‘e And wy HW.H. where 'T" is period of the signal x(#). This form of Fourier
|

series is dlso called quadrature Fourier series.
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Signals and Systems 3-6 Fourler Serles u
3.4 : Properties of Fourier Series and i}

Their Physical Significance I

i

1
¢ ; Important Points to Remember 4 il
_ _ %

|

i
“o Fourier series exhibits many properties which are useful for @Eow
analysis of signals.

Convolution : x(z)™ v(7) T.hm'v TX (k) Y(k)

T

Time shift : x(z—1p) S e SO0 Y ()

Frequency shift : e/0°0" « 55 5 X (k—ky)

it

Modulation : x(z)- v(r) « > X (k)*Y (k)

et
G

DRSSl

Gt

Parseval’s theorem : Power, P= Y |X an_n '
w fem e j
. 7

Q.7 State and prove following properties of CTFS.
i) Differentiation in time ii) convolution in time. 0S5 [Dec.-16, Marks 4]

Ans. : i) Time Differentiation :

mwmc 5 irw, X% : e (Q7.1)
Proof : (1) = Wkeam:.so_ By definition of FS ... (Q.7.2)
k==—o00 : .

Differentiating with respect to 7

ax(t) _ : ¥ .
=2 = 3 X (k) jlewg /€201 . B

h=~o0 e
e

TR
2= 21

Signaly and Systems 3-7 Fourier hnlmu

ii) Convolution in Time

2(2) = x(l) * p(t) —L2s Z(k) = T X VY (). .. (Q73)

1

Proof :  Z(K) = T ... 2(tye”/¥@01 gp = = ... [e(e)= y(e))e K907 ar

<l > ol > ,
.(Q.7.4)
x(r)x (L) = %.«Aa:\?lﬂv&ﬁ This convolution is performed over one
<I>
, Mm.nmom for periodic signals. Putting this convolution in equation (Q.7.4) we
get, S
Zk) = % [ [xo)y@-tydee /590 dx dt
: Aﬂvnﬂv
annowmumusm the on.amn of Eﬁamnm:onm
Zk) = — TS | fldml;eoﬁ&ﬁ:
Aﬂv <I> 2

Put ¢+ — t© = m..Therefore dr = &S Since integration is over one mnwwom
this substitution will just shift the integrating limits. But it will wn again
over one vnﬁom oﬂhw Hence we’ can write, S

Z(%) = ._.»Aav .— y(m)e= /K0T M) gy gy

<T> . <I>

I

I

= ._.kn..nu ....cﬁ:&wli.snd e~ Jk@0m gvdm
AHV =T

= .‘.Hm.ﬂvm;.\»eoa dt ._.chivml;eo m Q.S
<T> . <T> "

...._N.NQSH_._H.M\QOH =T X(k) Y(k)

m.mn-mnanan 25 Oou<o~¢aon~ of two periodic signals reésults in
multiplication of their Fourier coefficients and Uoﬁom .H. g

Q. m Explain anmuﬁ.—.u theorem for fourier series.
nﬂ._”m_uvc ﬂon...._.o. u..:.o_.u». _su_._nu Nu
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AN I N e the periodic power signal with Fourier coofficients X7k,

then average power in the signal ix piven by Mu X ()R e,

b on

Power, Pw N |y )*
)I-P\.G . ﬁ.ﬁ _ i AC.I.-&
Proof : The power in the signal x(r) is given as,
T{2 T/2
P = 1 .— (PR dr - _ _. {e)x” !
7 J i 7 X" ()t v (Q.8.2)
-Tj2 r/2
We have, =xfi) = M X(k)el oot by synthesis equation
hm -

[ = .
M .u..r.».dr.kr.go..
rﬁ.ﬂlaﬁ

= M ¥ m»gnl.y_..,.cvc.

A==

A= by taking conjugates of both sides

Putting above expression of x* (1) in equation (Q.8.2),

T2
s A S —jk
P = = | =0 Y X (ke /koor g
~T/2  k=-=
72 :
Here ._. = ._. ie. integration over one period of x(7). Interchanging the
—T/2 <>

order of summation and integration,

P=3 x* E.w [x(s)e=7% w01 g, — W X (k)X (k)= M | X (k)2
: <T>

K ==—ca =—o0 h:".lba

Significance : Power of the signal can be obtained by squaring and

- adding the magnitudes of Fourjer coefficients.

Q.9 MHEPE Gibbs phenomenon.

IS [SPPU : Dec.-19, Marks 3, June-22, Dec.-22 Marks 4]
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Ann, ¢ Conslder the Fourier series for square wave, lL.e,,
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Fig. Q.9.1 Approximation of square wave using Fourler series

* Above equation represents square wave in terms of infinite number of
sinsoidal terms. When limited number of terms are talken, then the
square wave is approximated as shown in Fig. Q.9.1,

* There is overshoot and ripple near discontinuities. It goes on reducing as
number of terms are increased in approximation of waveform.

* Fig. Q.9.1 (a) uses less number of terms compared to Fig. Q.9.1 (b). As
the number of terms in Fourier representation becomes very high, then
the waveform will appear just like original square wave.

® This overshoot near discontinuity is called Gibbs phenomenon, As the
number of terms of Fourier series representation increase, the error
between original and approximated signal contains no signal energy.
Then the waveform appears close to original.

Q.10 Find the quadrature fourier series for the w:: wave rectifier

output signal. With amplitude 'A' and period 0 to 7.
U3 [SPPU : May-14, Marks 6]

DECODE A Guide for Engineering Students



Signals and Systems
Ans. : Here x(7) = A sin wy?

Since half cycle i8 from 0 to n .
x() = A gin 1

J-10 I a:z\w Serloy

R

Wy =1 (1.e one cycle of 27 radiang),

Take 7' =) u since this is full wave rectified signal.

a(0) = - _.\:::3!”; W
Q.v R i
a(k) = 2 [x(r)conkwoudr =2 [ Asin tcosktd ,,
¥ cos eo:-m.—;u::no;‘; /
<Ts 0 i
- u\. TSATEV:EAIEVHH\‘ . w
0
- .\M; sin(1= k)¢ dr L::G...»V‘& f
0 A
al-cos(1- k)1 —cos(1+ k)t "
- +
n|  (1-k) Ik,
A |8-G|$a+noao+|ooaﬁ+ I)m+cos 0
n 1=k 1+ k
A _loo-m_l@:+_lnoaﬁ+$= ,
n 1-k 1+ k . |
_.TNOu.D n'ﬂO‘ﬁul\ﬁva - ° hg *.'P-u-“.ﬂ.:: )
ﬂllQﬂ.AﬂAn*va N § *'pn_‘h m:: _. L
E Ry :P._ .
, A DA}V ~ ' N

T.#

Slgnals and Systems J-11 Fourler Serles

by = % TS sin kovgt dit w2 _.\::: sin ket dt

“'>

- iL ._ [cos(t~ kt)y~con(t + kt)|dr

A i 4
- [ cos(1=keyr di = [ con(i+ fyt dt
0 0

~ sin(1= k)t sin(l+ k)t i
LR

. (1+ky |,
Thus ._5 acﬁ_ge_.o fourier series will co.

x(£) = a(0)+ M a(kycos »Sc. v M b(kysin k gt

k=) k=)
24 4 A
Wt M oy A_I»uv

7
Q.11 Find the. trigonometric Fourier series for the periodic signal

=0 for all k.

cos kt
k=2,4,6.

- %(t) shown in the following figure and sketch the amplitude and

phase speetra U [SPPU : Dec.-14,15,18,19, May-15,19, Marks 6]

O T ~
1 1 X O
4" - m. 1 i 2 _
| - I

. " Flg. Q1.1 :
gﬂc u - .

n@l! .?E&l.. .??& ~1dt &0 . \
nﬁv

() = 2. [ x(t)cos xea.&.
Hndv

e A



1 ) | !
1 i - ) : °
NCe 1kt () 1 { =
| i §
3 I 1 t I 2 () 11 - :
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L.
a

Here Wy =

= IS
(S

bk) = ‘—ooilil._.ﬁl:noil~3

1 2

T
NAIM A

TE W.m —sin 0—sin AT+ sin »lqé
2 : 2
W Here wmn.mm = ( for even '%'

P

=% mEM for odd &
0 for even k

= Hmﬁ for odd %

0 for even k

Trigonometric Fourier series is given as,

x(t) = a(o)+ MnQO.oOm lw, t + M.@Q&mmn kw, t
*Iﬂ k=1
- 40
= Y t—sinkw,t
.k=1,3,5 ke

Q.13 Determine the complex exponential Fourier series for periodic
nonn_umﬁun pulse train uuesﬁ in Fig. Q.13.1,

0 [SPPU : Dec,-04,

05, May-18, Marks 10]

.»::"Wﬁi\.ﬁf;ﬂ,kts 45

L. .

Slgnals and Systems

! 2

Fig. Q.13.1 Perlodic rectangular pulse train
Ans. : Step 1 : To obtain X(k)
Xk) = w [(egeyerreenges
<I>
1 T/2

! = A 1 —jkwgrqt/2
= e R0 R oS
. Ty L.\N Ty —jkay i

-.. By definition of FS

o K 21
= ||.|||_HN \>SOA\M |N.\>|8Qd\Nu , since a...OO-.IIlEN.ﬂ

A «\.»Boin INI\.»EO.H\N 5 u.
= — - Rearranging the equation

_ A .hwcuo;aw N
= —sin| —— .MEOoIIII..IHmBm.

Step 2 : To express Fourier series.

el

aQ“ = M bY Q«vmi.. “or By nmm::no: of m.oc.ﬂmn series

k==t - e - s
mnnsm for N@ e 3 A Ela L S
D.._a Find out the onm_euouaﬁ Fourier series for -Ewﬂ_uo n—.ne- &Eiﬂ

in Fig. Q.14.1. Also plot its magnitude and uruua nﬁnog 0
U= [SPPU : May-06, 09, Dec.-17, June-22 zu.._a 61 i




Ve know at cos € = = et A
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= \F\Alhvml&hgos +;*.AI.UVNI;.AEO‘ -.u'.flhgm.r fawgr 4 P(=1)e" T !

+ X (0)+ X (1)e /90" 4 X (2)e/ 290" 4 X(3)e/ 3007 4 x(4)e /200!

Comparing above ejuation with equation (Q.15.1) we get,

X0) = 4

X 1) = X(1) = X- 2) = X(2) = 0

X-3) = X3) = 1

X-48) = —= =/ X@® ===~/
<7 3 <] <

d) To obtain total power
By Parseval's theorem,
P= 3 xay

b=—o
= X (—a)° +x(=3)° +lx(-2) #|x =17 +|x (o)

+x@)? +lx @) +|x 3y +1xa)>
_ ) )+

32

2
m | +(1)*+0+0+(4)? +0+ oicw‘%]mw
W+~+um+a+m =225 W

I

Putting values,
) 2

Q.16 Draw the magnitude and phase spectrum of the signal n.
x(f) = Scos (2m10¢+30) —10 cos (27207 + 60)

0= [SPPU : Dec.-16, Marks 6]
Ans. : We know that,
: e 4o~ /8
2
Hence given equation can be written as,
e JF(2n10r+30) S J(2m10++30)

cosB =

(22014 60) —j(2n 201+ 60)
x(r)=5- £ +e )

10

e 3
=.25¢/27101 _ j30° 5 5 j2m10r .~ j30°

woin mem o e e e e Mo PR B T I E VNIRRT S T S S

Ly ———

TP

Fourler Series
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Here note that one of the frequency of cosine wave is 10 Hz and other
frequency is 20 Hz. Hence fundamental frequency is Jfo = 10 Hz.

x(1) = Aje/?Mol . g/ + Aye~ /0! L o= J0

+\_uk\un\.c\ e/2 4 \uwm.l\u:\s\ e~ J92

Here A, =25V,
fo = 10 Hz,
¢ = 30°

and A = =5V,
0y = 60°.

Fig. Q.16.1 shows the magnitude and phase spectrum based on above
values,

: |
- . A XAD 1
: _“
0P8 ok e e
SR IREBEN “
Imo : c,; B .lm@i - f 4
3 5 .- ,
b X :
-80° MS e :
_agea B
- 2| —fo P, Lw B2t 5
) : 0 b7 i of fi
o =
G e

Fig. Q.16.1 : Magnltude and phase spectrum -

Q.17 Find and sketch the trigonometric fourier series of trzin of
impulse defined as :

x(t)= > 8(t—kTy) }
k=—co U [SPPU : May-18, Marks 6]

. T
DECODE
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Anms, :
1
1
ay = <= |x(t)at
b ﬁ
<i>
Here I =T

1 ¢ Al R [
ag = — - S(r —kT, dt
P o :
P wTgf2 k=-w
I «» % : 1 1
Qy = — M _ mw:.l.ﬁ.wa,,: H.N.IX_HI
kh k=—os _7 /n s K3
/2
N—
Value of this integration
is 'I", by property of
impulse function
2
a(k) = = [ x(#)cos ke a
<>
> /2 =3
=+ ‘ MmQx‘uﬂLno;SoRu

S L2 P
Here let us use f(7)-8(¢—a) = f(a)-8(t-a),
. 5 = T2
" == 3 | sinko,p7,5(:—prTs)ar
{ : Nt .
! p=seot—g. /7
: Here 8(1—p7,) = 1 for -T,/2 to 7./2 And value of cos kwy pT, = 1,

since above impulse lies at p = 0 only. Hence above integral has the
value of 1. Hence, : .

2 2
Ty =y
a (k) ﬁw 7.

| B(E) = w. [ x(t)sin kwyr dr
&=
RS 2 B2 =
e =5 [ X 80-pT,)sin kogr dr
TET pEe

..UunO.vu.

gis
i
|

A Guide for Engineering Students
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- T
- .2 § sin kwg p T.8(t — pTs)de
= Ry
Here §(1—pT,) = 1 for ~T,/2 to T./2. And value of sin \ﬁeomﬁ =g,
since above impulse lics at p = 0 only. Hence above integra has ghe
value of 0. Hence,
2 L
.@QC = wl\o =0
Then trigonometric fourier series is given as,
x(t) = a(0)+ Y, alk)cos kwgt + ¥, b (k)sin ks
=1 k=1
1 = 2
= —+ » —cos kgt +0
I Wu I
H ==}
= — 11+ Y 2cos kwyt
s fe=1
3.5 : DT Fourier Series and its Properties
j ::ﬁclmi Points to Remember . )

¢ The Discrete Time Fourier Series

(DTFS) is used for _.UH signals. It
is defined as, : ,

x(m) = ¥ X(kyel kR0 7 (Synthesis equation)
k=<N>

. : -
where, X(®)= N x(n) e~ JkRqn (Analysis equation)

e LB

¢ Here n = <N> indicates summation over one period of 'N' samples.
k)

s DTFS equation is a finite series over N
always convergent.

°® DTFs is periodic and linear.

umEEmm. Hence DTFS mm

=

BrcosEs

A Guide for Engineering Studenis
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o If x (n) 2Ty X (k), then time and frequency shift properties _.o_.,
_DTFs are expressed as follows :

x(n=np Vﬂ 28,

e~ /MM x (k) and

X (k=kq)

s

Q.18 State and prove convolution in time domain property of DTFS
DS [SPPU : June-~22, Dec,-22, Marks 2]

Ans. : If x(n) «25 5 X% and yin) <255 Yk , then
z(n) = x(n)* y(n) <25 2 = N X%) Y(K) . (Q.18.1)
Proof : Z(k) = % M z(n)e” JKR01 by anmb_soz
n=<N>
= 5 3 x00np(nye/iR0n
n=<N>
Here x(n)* ¥(n)= > x(I) »(n—I), then we have,
l=<N>
Zk) = % Y 3 xD)yn=ie /kRo0n
. n=<N>l=<N>

Changing the order of summations,
20 = 5 X A Y sn-heIkRor

l=<N> n=<N>
Putting » — I = m for second summation will just shift the limits by '? but

summation will be over a period of 'N' samples. Hence limits need not be
changed. ie.,

zw) - m, S KD T AmenIiR00n+0

I=<N>  m=<N>

vAu M X%Gm...:huos.m jkQq !

ZAS,V NI .l..bo nr

Signaly and Systems 323
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Renrrange the above equalion 4s,

274 - J - jhsegs || ] - jkD
&\\n\ N .?)M.\;\M\\\Nﬂ\u\w J 0 m M u\ﬂ\ﬂ:N JrL2gm

m=<MN >

= N X(k) - 1(k)
Significance : Convolution in time domain becomes multiplication” of
Fourier coefficients.

Q.19 State and prove Parseval's theorem for DIFS.

Ans. 2 1f x(n) <2255 K(k), then .

P stk

s \ - AQ.19.1)

Here, 'P' is the average power of periodic sequence x(n).

H.-di. Average power of the mﬁ?munn is given as,

£ Nzierin .

For u.ﬁo&.c mmacmunn with period 'N' above equation can be written as,

¥ 2 oy

. : AZV 3
1 - = i 3
= Y, x(n)x* (n), since x(n)x" (n) = |x(n)}? ...(Q.19.2)
n=<N> : -
" We know that,
x(n) > X(k)e/*R0n  Synthesis equation of U,nmm
k=<N> v
() = ¥ [X(k)eF20nye
=<N> 5
.MU“ X Qavml.\.».b.o:
k=<N>
Putting above equation of x= () in equation (Q. G.NV we get,
1

= i M ».A;v M e Q&Nl&»bo:
n=<Nz wunZv

T I S U K T O

e L

NS A
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Q.21 For a discrete time signal x(n), find fourier series coefficients if,
- x(n) = mmﬂﬁm=u+ oomﬁmaw

Ans. : The m?nﬁ signal can be expressed as,

. | i 1
x(n) m.amuam :u...no'» Hnnﬂwxw

Hence H - W and /> lﬂ_w

58 Zulm ganN“mm

U [SPPU ¢ Dec.-03, Marks 5]

The least common multiple of Ny and N, is 16. Hence x(») has the

period of N =164 We know that sin ollﬁum.‘o anm /% and
7 J
cos cnwmb.+Wnl.~o. Therefore x(») can be written as,
A mnpa _ X —jmnga 1 jmays 1 |\|m1
x(m) = uw e 7 e 5 4 5 (@251
Fourier series is given as
xn) = 3 X(k)e/*on
k=<N>
2t _ 2n_ T
m h.N B e (s T
i L A TS
- x(n) = M \ﬂ\QnyN\.:».:\w
k=<N>

Let us evaluate above equation for &£ = ~2 to 13.
x(n) = X(-2)e™ /™4 + X (~1)e™ /8 + x(0)e® + X (1)e/ ™8
RO SRR @ BB L Y(13)e /12 /8

s

OGN
Oy

SRORER

Signals and Systems 3-27 m.qunn Serles

And using the property X(k + N) = X(k) we can find other Fourier
coelficients, Above coefficients are for one period of x(n). \E..ou\ repeat
after N = 16 samples.

Q.22 State nnd explain the following properties of DTFs

i) Linenrity 025" (SPPU : June-22, Marks 2]
ii) Time shift
Ans. : 1) Linearity
If x(n) 2S5, X (k) and p(n) <22 v (k).

0 [SPPU : Dec.-22, Marks 2].

then, NAxv hA=V+$\A=v 2/ NQ&M&NQ&...@NQ& .. (Q.22.1)
Proof :
2() = L 3 zonesi@on
N n=<N>
= L S [ax(m)y+E ()] k20"
N n=<N> .
> D%.:...MZVPA:vNIg»po: +va IMZVu\Alumig\,Do: :
_ = ax (k) +bY (k)
ii) Time Shift
If x(n) TF X(k) then,

Proof :

N N

n=<N> n=<N>

Y = L 3 ymyeikRon = L S 0y kQ0n

) m, then
Y(k) .W_\. > x(m) e 4590 (m & o)

il

m=<N>

R ST
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) For orthogonal signals, | f(1)x(r)dr = 0
= q
i) Trigonometric fourier series :

M@ = a(0)+ Mc“ a(k)cos kgt + W b(k)sin »So_..

£=] k=1
where a(0) = = [ x(r)ar
By _ ..(3.2)
WAMVHQ wnn_-m kg t dt _
b(k) = % [ (t)sin kg dr

<T>

a(k)

iii) Goupwwom trigomometric fourier series :

=

x(t) = .RS#W D(k)cos (kwgt + (k)
: k=1 '

fwhere DO) = ao nww [ eyt .(33)

1! ’,., A :_.U,_

31 1019 T SRR W | AL T

Fourler Series
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iv) Exponential fourier series

Y X(k)e/*@0" (synthesis equation)

X(t) -
».Ilal
’ wos(3v4)
where X(k) = T _. e~ Jhogr 4 (analysis equation)
«l>
v) Discrete time fourier series :
xm) = Y, X(k)e/F0" (Synthesis equation)
= <N>
1 - jkQ : 3
where, X&) = = Y, x(n)e”/*20" (Analysis equation) ..(3.5)
b :.I.AZV
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Fourier Transform

Fourler transform properties
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4-2

Fourler Transform.

11

Multiplication in time

domain

o (0) kg (1) & -

H X, (M) X7 (0= L) dA

Convolution in time

domain

o

_‘ d_ﬂdV\.«NQI

-

1) dt & X (W) X;(w)

Table 4.1 vqouo:_ow of Fourler transform

Fourier ...E:ﬁo:: palrs

.m~.. No. ‘Property Mathematical description
15 Linearity ax, (1) + bys (1) « aXj(w) + Fy.\o?& aand b
are constants.
2. Time scaling x(ar) & E X ﬁ u a is constant,
3. Duality X (@) & 2nx(—w)
4. Time shifting x(1 - 19) <> X(w) e /@t0
5. Frequency shifting el® x(1) & X(w-P)
6. Area under x(f) _. x(r) dr=X(0)i.e. FT at =0
7, Area under X(e) [ X(w) doy=x(0)i.e. IFT at 1 =0
8. Differentiation in d
time domain
9 Integration in time
X domain _
10. | Conjugate f
=T

Sr. No. |Name of the| Mathematical Fourier transform
_ signal representation
1. Rectangular | Y = (T
S ealar rect NN.V NN. sinc _,an
width T
2. Sin¢ pulse sinc (7 Wr) | e F
with zero 2w &Qﬁw a\w
crossing at
n :
2W
3. Decaying e ) a>0 !
exponential a+ jo
signal for
t>0 .
4. Double =altl g50 2a
‘exponential | @ + (@) s
signal
B, 1 t :
Hdmbm.EE. {. |e|<T | T sinc ﬁ&ﬂw
T
0, le|=T _
6. Unit w.bﬁﬁmn 3 (D) 1 :
7. DC signal 1 21 ()
8. ‘Delayed unit | & (r — 1) g~ J0 -
impulse _




Fourler Transform

10 ‘ S
i Cosine wav oS . N
signal o sk ) LS (= wy) + § (w + mg)]
> | ———
11. m._:n wave sin { 1) r 5 .
signal pAL (W = ) + 8 (0 + wy)]
12. Function sgn {2) 2
13. Unit step 7 u () A
I [ u() :
70 () 4 e
M @)=
14 Impulse train = o
or sampling IM 8 (1 = mTy) Wy M. 8 (@~ kwy)
function e fo SR

Table 4.2 Summary of Fourler transform pairs

4.1 : Forier Transform Representation
of a Periodic CT Signals

7
: Important Points to Remember

. ¢ Founer transform is defined for continuous time signals. It is given as,.

X(y = ._. x@e ™ dror X () = .‘. x (1) e /2™ gy

. ® Inverse Fourier transform is given as,

- oo

1

2m

— oo

1/ e M s 4 et 41 8 4L 1S hA R e s iman o=

e e et st o e e

A = I_ N‘Aev‘m\e\ do = ._.\Wm\vmx.uah&\

Q.1 Define Fourier transform pair.
Ans, : Definition of Fourier transform :
The Fourier transform of x(7) is defined as,

Fourier transform :

X(w) = .?S,m:.e‘& or X(f)= Te e ?¥dr ...(Q.l1.1)

-_— —

A Gulde for Engineering Students

" ii) Finite discontinuities :.

e =&

4 Fourier Transfop,

A RS e
slems i .
o in representation of the m@:mu. and C_QSV.. o
me A_oam“_ﬁE: representation of the signal, '©' is g,
o . Ry
(w) is also written as X (J®).
m X (w) by inverse Fourier transfom,

Slpnals and ‘_ﬁt
, I g 1
Here 'x(f) 15
X(f) is frequency d
frequency. gometimes X ey
) z aine
Qimilarly x(¢) can be obtal

1.e.,

Inverse Fourier transform :

T«% 22 -(Q.1.2)

—

T N o SO oy =
(i A

—ca

r is Suammmsﬂom as,

A Fourier transform pai N
or x(1)e—— X(f)

x (1) > X ()

Q.2 State the Dirichlet conditions to be satisfied for existance of
) = [SPPU : Dec.-19, Marks 3, June-22, Marks 5]

Fourier transform. .
Ans. : i) Single valued property : x(#) must have only value at any time

instant over a finite time interval 7. ; .
i : x(¢) should have at the most finite number of

discontinuities over a finite time interval 7.

iii) Finite peaks : The signal x(¢) should have finite number of maxima
and minima over a finite time interval 7. 2

iv) Absolute integrability : x(¢) should be absolutely integrable i.e.,

wo |x (2)]dr < e

—c

4.2 : Fourier Transform of Standard CT Signals

N

7 Important Points to Remember \

‘e Standard CT signals such as unit impulse, unit step, signum,
; exponential and sinusoidal signals have fourier transforms.

; * These fourier transforms are used. as standard relations -in mmmnw:

m/,. analysis problems. \_

£
i
i
i

<
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Fourter Transform

Q.3 Obtain the Fourier transform of following signals and plot their
magnitude / phase uvun:.:—,:.

) x(t) = ™" (1) i) X(®) = " w(-)
iif) x(t) = el V) x(8) = ¢~ sgn(p)
PS"[SPPU : Dec.-04, Marks

4; May-07, Marks 6, Dec.<17,19, Marks 3,
Ans. : mv kﬂe = Qlﬂsh\ﬁﬂd

June-22, Marks 6]

Nwﬁevn ._‘ x(1)e™ /Y gr = _. e " u(1)e" Y gy = .—. e~ e=Jwr, gy

- - e 0

Since ()= 1 for r 20

. —(a+ jw) , 9%
0 1 .
—al
Thus, e EQV — . R (Q.3.1)

Magnitude and phase spectrum

By rearranging

a+jo a-—jw

£X () = tan ™! ulsnn.ﬁm_
a ) La ]

- 4 ham +0? o e
Fig. Q3.1 shows the mu itude/phase |
spectrum for oo pe
a=1 and varying ',

Slgnale and Syetems d-6

Fourler Transform

i) xt) = " ut1)

X(w) = [ «trye

-

0

B h & &

0
- _‘m:.is:&l :

Jow

de = b. e ul=t)e 1" de

9 dt, Since wl=ry=1 for 0 to—=ose

a- jw
; 21 1
Thus, gdk u(-1) oy .
- (23.2)
iif) x(p) = 4l
: e for ¢>0 A
Here, ~ x(r) =14 1 for r=0 m | - ——
: - | e* for t<0 wli, e W
T i Q32 ase
PR ORI G gl T b nc o
0-— 0+ 1 = §
= ._. e =i gy 4 u-‘._.nié. dr - ._ a = I gy
LA - 0+
0 W, e
(a—jw)t —(a+ jo)r 2%
=| & : +_”mo+ ..mo|H_+ L - =
a-jo.| L —a+j@) | &? +o?
| gmal L O
N Y L o :
“shows the magnitude and phase resp: s
iv) 2 T e
S8 ,..m.vu ] e e = X o

r el




Y p s -
E-f! el 5 Fourier Transform
=™ for <0 , [
| ] |
X(w) = _ x(t)e™ o | | | g _ﬁ}ﬁ *
e , L eX@)=0_ | _
0- : L] ﬂ NN
= | —ell o= f . -a W o { ! | |
_ e & Qi+ _ ¢ - ¢ ar _ | — ‘ ”Sf
i 0+ ot _ i e e h_ h_
-j2w Fig. Q.3.3 Magnitude/phase
— SR = spectrum
a= +w=
—alr . Fr -2 L
Thus, e lsan(r) e—— ——— . (Q3.4)
. a” +o"

Q.4 Obtain the Fourier transforms of following functions :

x()=5 (1)

IS [SPPU : Dec.-07, Marks 2; May-11, June-22, Marks 5, vec.-17, Marks 3]
Ans. : x(t) =8(¢) .

X(w) = [ 8()e 7 ar
Shifting property of impulse function states ._. x(2)8(r—tg)dt = x(¢y).
Here with 7y = 0 “a above eguation,
= - jor =
X(©) = e _Bo 1
Thus 8(1) TF 1 - .. (Q4.1) :

Q.5 Obtain the Fourier transform of following signals.
i) x(®) = sin w.r u(r) U5 [SPPU : Dec,-16, Marks 6]

cos W, u(r)
05" [SPPU : Dec.-04, Marks 6; Dec.-05,18, Marks 8, May-19, Marks 2,
Dec.-19, Marks 3]

i) x(®

. 'E &

A Guide for Engincering Students
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Stgnals and Systens 4-4 Fourier Transfory,

Ang, 1 1) x(1) = cos Wyt u(t)

=] (4

X () = ‘_...:t, 101y -,_‘n.:i:\?..., /9 dqt, since u(t)=1 for >0

0

wo

o8 T\:,:; + e \::N

e e
0 -
= .._.‘_._”ml.\?csenf +m1\«€+8n:.‘—h¢ _ I'.vwelw @A
K \,Asx lemv
i) x() = sin w.t u(t)
= = elO0ct _ o= jorcr
X() = [sinw,te™/dr= [Z e 0 | o~ton gy
() . =
Y 0
L[/ (-00)t _ = j(o+ o) b= o,
= e C —e If = — > AO.M.NV
N\‘.:” ] g

Q.53 Find Fourier transform of x(t) = e~ sin wyf u(?).
[ [SPPU : May-11, Marks 8, Dec.-14, Marks 2]

SRR S ._. x(t) e =1 dt = .‘. e~ sinwgt u(t) eI gt
_ M._.omlz.. pJWOt twr\aou. -jot g,
0 2j
=Y M.DTIQBI,\.SQ +a)t _ —(jo+ joo +a) \di
||~
0
. 1 1 Q)

2

2j| jo—jwg +a . jorjog +a | (jo+a)> +wp

Q.7 Determine the Fourier transform of the following signals.

x(t) = ¢3! 1l BSF [SPPU : Dec.-15, Marks 3]
Ans, : Consider the standard FT relation, . )
e—al]  FT 2a
a? + SN :

A Guide for Engineering Students
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Fourier Transform

+ W 04 —:..

4.3 : Properties and their Significance

T N0 £ e s W

Important Points to Remember
' * Time shift and frequency

|
!
shift properties of CTPT are given as,

b=ty )Ll =g X (@) and /™ y () £l v (=)

_
_ . .
.-ﬂ.anowEﬁ _,.,312,7 Tmt.g?ﬁ.
|
| X (at) oL v.h g
| g

* The duality properly of Fourier transform states,
_ Xm T -0
| ¢ Fourier wansform of real and even
_Emmagomoaawﬁ:p__m E.mmEmQ
_
_

. vnﬂnz._:_u theorem or Rayleigh'
given -m_

| E= % b)) &nm_m X ()] do= .:\fb_w

signal is real. Similarly, Fourier

s theorem for Fourier transform is

* Fourier transform of periodic signals is given as,
X@ =2n 3 X (k)S(w-kuwy)

A=—-c

 Here 'X()" are Fourier series coefficients of the given signal.

Q.8 State and prove following properties of CTFT.
i) Frequency &:.é»-ne.-
ii) Time differentation . by
1ii) Convolution

-

Stynals and Systeny t 10 R« 01 o lm.w_.lawwn.xnau\exs
oy l--\;\ . . (Q.8.1
jt x(r) « y L:.k?& L (0.8.1)
Proofl ¢ RT& - ._, ....AC‘. o
. - - y e/ Vot = «? « \C e~ o
o as»,?.v [ x(r) N§_ | _. )
= - ff \q .A&a.\::«: = \«ASV

ii) Time differentiation

m»n»o.so:n Differentiation in time domain corresponds to multiplying
by J in frequency. ao_su:r It accentuates high frequency components of
nﬁ Em.-m_

d x(1)

dt

e Jjo X (w)

... (Q.8.2)

Proof : x(7) u.w.w_ X(w) e/ dw

dx(1)
dr

LR . L7 ey
- 5 [ \/A@ﬂlmg%..' do=— | %(0) joo e do

= % § Do x(@)]e™ do

Thus Fourier transform is multiplied by ' joj.
iii) Convolution

Statement : A convolution ovoumﬁob is ‘transformed to modulation in
frequency domain.

NSnaS : <S

NABV X(0) ¥ (w) .

.. (Q.8.3)

e

ey

ST e

PR IR AT

BRSY ZI LA A

G A

DA,
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Proof: Z(w) = — 2(r) e~ g o ﬁ [3(1) W] e gy

Fourier Transform

oo oa |
~ o ~

= | _‘ XDy (r=1)dr e g = _ x(x) _ »=t)e " gt | dr

—o2 | =00
L - -
Put 1 —1= o then =T+
dr = day limits of integration will remain same,
Z(w) = _ Xz | | »(0)e ) yo | ae
E L=
= _. x(7) g‘y h. y(o)e /Ot lp=ioct gy | e
— ®o r

I

[ e s T yayeso gy - X(0)-7(e)

— oo

Q.9 State and prove the following properties of CTFT (i) Time
scaling (ii) Time shiffing. = [sppU : Dec.-18,22, Marks 2, June-22, Marks 4]

Ans. : (i) Time scaling : Statement : Compression of a signal in time

domain is equivalent to expansion in frequency domain and vice-versa.
This time as well as frequency.

v(1) = iavFEEIE\A p ...(Q.9.1)
Proof : Y(w)= TE e~ /0 gy = T\é e~ J0 gy
wcﬁm.ﬁn.ﬂ.ﬁou~n“
dr = MH&H and limits will remain same.
@.vno A Guide for m..amé..aml:%.hqznn:a
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Signals and Systems 412 Fourier Transfopy,
T
: o g g Tm =t x(T)e dt
o Y (w) ._.kﬁem > Q:._“o (™)
w
= .M X ‘lp
a a

(il) Time shifting : Statement : A shift of '/y' in time domain is
equivalent to introducing a phase shift of (—wz, v But amplitude remaing
same.

P() = xit—ty) L Y(0) = e /00 X (o) ...(Q9.2)
Proof : Y(w) = ?% e~rdr = [ y(t—tg)e Il ds
Put t—25 = tthen 1 = t+14.
2. dt = dt and integration limits will remain same.

M\Aﬁcv = Q- by A\ﬂuml.\.c:\}- aOvn&d = ,—-\€ Aﬂvml.\e.n .NI.\SNOQH

e [ y(1)e T d T = ¢TI0 ¥ (w)

— o

Q.10 State and prove Parseval’s theorem for fourier transform.
I5°[SPPU : Dec.-18,22, June-22, Marks 2]

Ans. : Parseval's theorem or Rayleigh's theorem :

Statement : Energy of the signal can be obtained by interchanging its
energy speetrum.

E= :.«3_ dr = :k:a_ da
=[x er .(Q.10.1)
Proof E = [|x(®)[’dr = [x()x" e ar - (Q.10.2)

A Guide for Engineering Students
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J S 4715
e

o Fourtoer Transfornt
Inverse Fourier ransform states that

L .
.‘ A (@) e/ gy

S

r) =
2t 2n
Taking conjugate of both the sides.

oo

T
S R B8 Bl Y e s L
Putting above expression for X" (1) in equation (Q.10.2).
E = n_u x(r) L M\w\} (W) e/ | ey
e _.Nu.ﬁ

= N\» _N E;.«Smieie

== — o

e =
= 5 [ X (@) X(0)dw- L :\ievmae

Since w= 27 7, duy = 2ndf. Hence above mmcmzo: becomes,

E = .:NQ: m\

Q.11 Obtain the Fourier transfo

rms of following functions :
D x(7) =1

IS5 [SPPU = Dec.-22, Zm..rm mu
i) x(t) =sgn(t) o= [sppu ;
i) x(r) =u(z)

0> [SPPU : May-09, Marks 7; Dec.-10, Marks 6,

Ans. : i) x(2) =1

We have, mQVT.,.vH

May-11, Marks 5, Dec.-13 ,18, me.uw Marks 3,
Dec.-14, Marks 2, Dec.-22, Marks 7]

Dec.-14, Marks 2, May-18, Makrs 3]

Juality property states X () Alu.lv 2nx (—w). Here let X (r) =

1; Fmﬂ
(—w) = 8(-—w). Then we can write,
e Bl )
EZa,
1l — 27t () since 8(w) is even function s (ORI

\Nl ECODE Qv

A Guide for Engineering Students

.i.a:nr =:= ....—::i:. 4-14

i) x(t) =sgn (1)

The function sgn(/) can be written as,

Fourier Transform:

x(1) = sgn(t) = 2u(t)~1 S R Er

Differentiating both sides, m 1
dx(t) _ d ; o1 T

dt Nn\a ::y Tlll.l i
] dx(t) _ .. o _
- TR o D) Fig. Q.11.1 sgn(t)
Taking Fourier transform of both sides,

JoO X (w) = 2, since QCTF 1
2

or ;N\Asv =1 .&.IO_U -
Thus | sgn(s)e—tl s Ws - (Q.11.2)
i) x(2) =u(t)
We know that, sgn(¢) = 2u(z)-—1
u() = w?&mﬂ&.

Taking Fourier transform of both sides,
1l .
FT{u(t)}y = mmﬂ.ﬁ?mimmicu

..LACTF I_Hmﬁ Hw)+ lw.uu_
. 2 Jjo
... From equation (Q.11.1) and equation (Q.11.2)
sl uyefL_, am@:\ls (Q.11.3)

Q.12 OEEE the Fourier transform of following m.mﬂw_m
i) x(t) = cos Wo?
it) x(t) = sin wy¢

»

=" [SPPU : cmn.-uo Marks wu
I [SFPU : May-12, Marks 5]

@EcoBES A Guide for Engineering Students




Ea‘w.\..\::ﬁ; v-18 Pourter Transform
Ans, ¢ 0 X(1) = coy g 1
e/n7 ,;. e af | g toar g Jorgy (Q.12.1)
We have L «LL, o0 & Ny equation (Q.11.1)
.)~f » 7t Sen)

Frequency shifting property states - . V(1) ety X (0 B
Then above equation will be. .N. o (P 7 S &~y )
and L o= Joor LT )

5 S+ wy T (122

Applying above resulis to equation (Q.12.1)

A(0) = AH w0, )+ Td(w+ @y )

i”lr.‘ffrlij

Thus, €05 @y7 " x| §(w-wy )+ B(w+ wy )] h wer (Q.12.3)
i) x(7) = sin Wo?
= E = 1 jwor 1 o Jwor
2j 2j 2j
Applying resuits of equation (Q.12.2) to above equation,
X(w) = mmeleo Vl.ql.umxe._rnuoy
J S E
s El = Toro ’ :

Thus, | G0t ——— Z[ 80— )~B(wr wp)] - | (Q.12.4)

Fig. Q.12.1 (2) shows magnitude plot of cos g ¢ and Fig. Q.12,1 @
shows magnitude plot of sin @gt. .

SR NS

WA

d- 16 z,

y [ T ——— - \\&l& 4
y and Synlemi —— ¥ Ta
Hhgnale 1 ; ~%
2 15/ ;
o | — m‘s_
1 3 -
| o
| * 7 4
| \‘“ * \.CC
" * : \..\G ‘:\ * . A._l\w!t’:* -
gy ¢ - 9 1

Flg. QA2 (a) Bpeotrum of cos st Fig. Q.12.1 (p) Bpectrym Suw
, Q.12 gt

Q.13 Using differentiation in frequency domain property, fing Poury

transform of ¢

14
y(t) = t x(t) where x(t)y = ¢ ult). ¥ [sppy Dec.-13, Vars

P
5
il

FI L

-df } iy ———

Ans, : e (1)« a+ Jo
AR

x(r) X ()

; d : D e lifferentiat;
- l\\ \ﬂﬁN» ¢ FT 7 \ar\ﬂ«sC\ .\u\ mﬂmﬂhn\\n,Q\ \\.mu‘.-lrnﬁn.n».m:nuuj W\\r\-\u..n.\w-\w“\

—jt- g1t u('t)

Fr 4 1
4w Q{\.\t
, . d 1
i L —al ¢ f e
e :AC dw a+ jo
—— 1
> J* T 82
(a+jo)*  (a+ jw)

4.4 : Interplay between Time and Frequency
Domain using Sinc and Rectangular Signals

ﬁ Important Points to Remember

* The rectangular signal represents low parts function and its founer
transform is a sinc pulse.

* The rectangular signal is time limited but jts fourier transform, S5 |
pulse is not band limited, ! ﬁ

.
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e . Lot AR e Xt el Jidl

j- -ﬂoo:—:m:__:, signal and sinc function forms a
1.,

fonrier trangfom _:___,.J
Reet ignal «tl : ’
angular signa ====2 Sine func

* Similarly a &ine
fourier transform.

tion

function in tme domain have rectangular sipnal ay

* Thus an infinite tme function have bandlimited

Q.14 Obtain the Fourier transform of a r
pulses shown in Fig. Q.14.1.

Spectiumn,

S
ectangular pulse and sine

0" [SPpy Dec.-11,17, May-17, Marks 8,
May-15, Dec,-17,19, Marks 6, June-22, Marks 4]

e R S,

- X(0) = sine(h) _ 4
| _ A x(t) _ = _ l\»/ _
T TN
1 e ] |
e 18 e S = =
()

Fig. Q,14.1

OR Show that rectangular function in time domain to beco

me sine
function in frequency domain. .

IS [SPPU : Dec.-13,

Marks 3, May-14, Marks 6]
Ans. : i) x(r) = A rect @/T)

~ joor Te — jodr — jar /2
X(@ = [ xr)e/o gy = [ 4 dt = dfe u:g
— oo ~T/2
24 o7 e/OT/2 _ ,~ joT /2 (T
= ——sinl — |, Here : == | A
® Dﬁ 2 y 2j ah 2
Rearranging above €quation,
. > wIl” :
24 sin q«.N, oT
X = . TEEERL
(@) (0)) = ol 2
2n
sin 7z- DT :
. | 2n ’ . sinmd
=AT- wﬂ = hﬂmwnnmwm. since sinc 6 = S
L ﬁeﬂu 21 )
i

A Wrww&gh‘_migizww&wﬁ:@ ,

e = e

Fig. O.S.w mr_oém the magnitude plot.

Klgnale and Systems 418 Fourler Transform w
r 2 . g ’3\» o B d q
f £ 24 ﬁ.:\. AT sine wl o (O14.1)
Thus, |4 _..i.%.\.v“ prads - ,..S, 3 ; or T (Q
ir.:-!...ll‘i!-.rﬂ A wl |\ _ 24 o w?
Magnitude plot : | X ()= AT sinc N‘ﬂL L 3
] 2K 4m
r - -y AT
This function goes to zero at M:NI -2 EIN, L£30, ... 00 @ . = 7’ * T
61t P
==« By L' Hospital's rule, .
T 4 5 f [%(ew)| .
|X(0)] = AT sinc(0)= AT. i : ).w:. |
LX(w) = 0 _;ix,..--?. T
i - k. a -,
il) x(t) = sine(t) ﬂ .\.I i
Consider equation (Q.14.1), [ blm...WWd. 2~ A|=ﬁ w 4
R e ]
x(r) X (w) L l i
—N——— ey .
: /i ind| ©T Fig. Q.14.2 Magnitude of ‘rect’ .
A Hm.nnﬁﬂu ——— AT mﬁnh w.au ] S ten:
Apply duality property X e
21 x(—w) to above equation,
AT sinc L B 21- A rect | -2
il s L el
Here rect (—x) = rect (x), since it is even ] = :
function. : L
R 70 m»bnh%u 2 27 rect h%w — o x d.:_,
ulsen L Fig. P;Pw.aanm%w
27 sine(t) SR 21 rect ﬁﬂ@ |
: @
o | sine () «FE rect hﬂu = (Q.142)
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Q.15 Dr i
. Draw the amplitude spectrum of the following signals.

O [SPPU : Dec.~06, Marks 10, Dec.-15, Marks 3]

m. a:l..w v \:_.M\a::

Xy(1)

Flg. Q.15.1

Ans. : i) Fourier transform of xy(2)

The pulse of Fig. Q.15.1 (2) can be
synthesized as the sum of two pulses

as shown in Fig. Q.15.2. Thus,

x (1)

Il

X1, () +x5, (1)

\ [
ct = ;] —
Te ﬁ QL nmnﬂf 02

Il

Taking Fourier transform of above

equation usmg equation (Q.14.1).

2 . {0e) 2 . (02
;Nvuﬁev ﬁlcmu q J..Qlumuuq lNl

= m [sin (0.05w) +sin(01w)]

; A Guide for Engineering Students

2 e S e s

SEo

NN

s Fourier q.wnxa\ei
]

e

Signals .:i Systems

ity Fourier transform of x 2 () xI!J\Ilrlm.m@n]fJ
From Fig. Q.15.3 we can write, by .-, z .
.Awﬂ\v = A.Awm\ﬂxyx__u.ﬁkv:y 7 | 7

a ¢ )
= 2. 5rect ol +0.5rect NM\_ ,h ~0.05] 0.0
, i Xap(t)
4

Taking Fourier transform of above
equation using equation (Q.14. )5 , M i
2(2.5) . [ Olw NS Smsﬁoweg {07

ﬂllm:;
X5 (w) 2 \ 2

i . i XNC n %
= M sin (0.05w)+—sin(0.1w)
() ()

Fig. Q.15.3 Synthesis of
x2(t}
Q.16 Determine Fourier transform of
the following signals :

) x(t) = 2 e 20 i) x(t) =

cos g L.
& 0

el
2

/_“_‘\

OS[SPPU : May-16, Marks 6]

Ans. : i) x(t) = Qma e” 2 u(p)

Let x; (£) = e 2% u(z). Hence X, (w) = |~|. Consider the time
. 2+ jo

differentiation property,

(2 e JoX (w)

dt
. -l
= x(t) - —X QVA|V JOX, (w)

: d T Jjo

or —e L)< — j- =

‘ dr o) o X0 2+ jo.

A Guide for Enciueering Students
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)
ii) x(t) nwmnAWu.oowEo.. ; x(r) = M i :wfll.v.\SN_ASv
: (R rr 1 _ _Jw
= : : : -3 ¢ 5 Jo - or X wy==i—
Let x) (¢) = rect h.mW - Consider the standard fourier transform pair, o_. r7ad ) sy Jo A 2+ jo
_ : _
) i) Here e~ 2/y/ (1) = L1, .
A H.mﬁhm..uﬁlf.ﬂ AT sinc heﬂqﬁiﬂ A=1T=2, _:, & ! 24 jw
2 . 3 ; 1
t 7 By time shift property, e 2(* %)y (¢ +2) L, 20 ST
wmnsﬁw.ul Nmﬁoh w X, (w) 4 J
d . J2m
. < . -2r -4 FT e
Consider modulation theorem of fourier transform, 5 e i(EaZiee———> ET
o ) 3 4 o200
x(t)cos (wq 1+ )L m.l X (w—wy )+ < 5— X (@+p) 3 =R (o) (LSRR N.W\.S :
itho=0 x Fr_ 1 1 : o
with 0= 0, x,(s)coswy el 31 Xy (@0-wg )+ X, (w+wg) 2 Q.18 Find Fourier transform of the following signal :
2 N 3 il I
. —3r -3¢ o
b — e "u(r) x ey -2)) =
Rahw%om wor L2 ¥, sin nh == W,L X, minh = : ' : . i = O -
- " 2 (i C B “Ans. : Given : a1
ke . - B
—_ i i) hN - = :
o X(w) = m.Snﬁs = w+ mwnnﬁ el p 3 2@ S e Mou(e) x (e (-2 i
T by .
: o FT{e 3t (1)) = -t :
Q.17 Find Fourier transform of the following signals using 3+ jo 3
appropriate properties : And =
: (7 fre o et
@) x() = = “u(t)}

(i) x (1) = e u(r +2)

& 05" [SPPU : May-18, June-22, Marks 6]
Ans. : i
@ x(1)= L e=ary (1}
ar
Let  x() = e™u(r). Hence X (o) = — L
: 2+ jo

Consider the time differentiation property,

&MQV Tnllv JoX (w)

A Guide for Engineering .wniaﬁu. =

S FT{e™ u(1-2)} = FT{e™20=2) .y (s —2). e~

- .m:m. &lu.NB
3+ jw)
o e o2 :
o FTe 3 u(r) = o3 u(e—-2)y = —— (By convolution theorem)
| S CEN O

And, by differentiation property,
m.u.ﬁl:mmlu. () * e :QINH@

.\E e m.mlg,ne..

G+Jjw)?
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Fourier Transforit

4.5 : Applications of Fourier Transform

: Important Points to Remember

i ® The system function X (@) 1s ratio of Fourier transforms of
input. i.e.,

output to

H(w) = X () This equation also gives frequency response.

- ® Impulse response of the system is obtained by taking inverse Fourier |

[
ﬁ
] Y () _
|
i
!
transform of & () or system function. |

\*_Fourier transform is used to solve differential equations. /

Q.18 Determine frequency response and impulse response for the
system described by the following differential equation. Assume zero
initial condition.
1)

= ,._r 31 = x(r)

Ans. : i) Frequency response

D" [SPF ) : Dec.-08, Marks 8, Dec.-16, Marks 6]

Tzking Fourier transform of given differential equation,
(jo)7 (@) +3¥(w) = X(w)

e - ) o

Il

X(w) 3+jo
1
H(w) = —— :
| | 9+ w? i :
ii) Impulse response
S|
mﬁev B3 Jjo

Taking inverse Fourier transform,
h(t) = mluH:Qv

Q.20 The differential equation of the m%m.gn. is given as,

%ie.&.@ &3
dr? wiloney e = dr

A Guide jor Engineering Students

AR B
{

L

b._— :;:& w._r,p,a_‘.».;‘,a.x.\.,?e.. .

i ~..Eim_.u.
d-24 QE\S
. U]
o Systems
Signals and SV v :‘:ﬁﬁ—mw o
the frequency response 3 5_,_
Determine

gystem. Lo I (ransform of given differential equation,
Ans. ¢ Taking t : cvlw) = —joX T&

0 Y (@45 () () + 67 )
(/©) = —jo X (o)

ey T
Y () AHT_EVN +5 jo+ o\ﬂ

Hence system transfer mw:nmos i8, - .
Y (w) _ —J S
N.NASV : \«,\Acuvlﬁ.\.euvw._...m\.cul_xm A\S_Nv A.\p.u._.uv

-2 e =
T e 3+jw

2
@2

Taking inverse Fourier transformi,

o = [ -3 Ju@®

Q.21 Find the transfer function and impulse response of the system

describe by following differential equation.

M|N~w3 +35 Mm w{(1) +63(2) = Mﬂ x(2) + x(£)

Ans. : Taking Fourier transform of the given equation,

(992 Y (@) +5.(je) ¥(@)+ 6(e) = (jo) X (@) + X ()

Y(w) B jo+1

X(w) (jo)? + 5(jw) +6
jo+1 _ 2 1

(jot+3)(jo+2)  jo+3 jw+2

Taking inverse Fourier transform,

ht) = Hmm&n Imlmuu_ u(t)

05" [SPPU : Dec.-13, Marks §]

It

o H(w) (Transfer function)

.ﬂ.nn Find the transfer function of the following :
i) An ideal differentiator

ii) An ideal integrator iii) An ideal
delay of T second, g )

B [SPPU : May-15, Marks 6]

" A Guide for Engineering Student
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Fourier Transform

Ans. : i) Tdeal differentiator : =, - .i‘ Ny o ‘
_Jw, Q.22 shows  ideal  y()— ~Idea| -y = & )
differentiator. Its time domain aza_.o:__s:z, i
equation 1S written ,as,
Fir | / Fig. Q.22.1 System as differontiator
: =il 30

i

Taking Fourier transform,

Y = jo X(w) using rime differentiation properly.
()
Hw) = svlplmul = ja)
A(w)
5 Ideal integrator :
,.m,»m. Q22. shows ideal WeTdea i
integrator. Ifs time domain U | integratort ! y() = x) ot
equation can be written as .

vt) = ._.HQV at Fig. Q.22.2 System as Integrator

Taking Fourier transform,

" 1 . :
Y(w) = Hm.u X () using integration properly and assuming
x(0) =0.
5% mAev = E ".|~
X(w) Jjw

(iii) An ideal delay of 'T" second :

Mathematical equation for delay of 'T' second can be written as,
vedi= x (1t —7)
Taking Fourier transform of above equation using time shift properly,

Yiw) = /97 x(w)
- - Y () — ,—JjoT
) H(m) i\ﬂmeu e

Q.23 Determine transfer function and impulse response of the system
represented by :

d? y(t : : o
lamlv +3 % +29(1) = 3 aww ) 1 2x(f), Assume zero initial
conditions. _

{ D5 [SPPU : Dec.-15, Marks 6]

@reonEy

A Guide for .m.:h?m.nw_..:w Students
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Ans. ¢ Takmg Fourier transform of given differential equation,

(fw)? ¥ (a4 3(jw)Y (w)+ 2 (o) = 3 (jo)X (w)+2.X (w)
s Y(@) (oY +3(jw) +2)=[3(jo) +2] X ()
Y(w) _ 3(jw)+2 4 I s

X () (jo)? +3(joy+2 Jo+2  jo+l

H(w) =

Taking inverse Fourier transform, h(1) = T_,mnf =~ e~ Tu(t)

=g

i) Fourier transform :

FORMULAE AT A GLANCE

X(w) = g_‘.u (1) /" dr or

-

o | e (41)
X(f)=

Fourier
Transform :

[ ey /2 dr

-
—en

=) o

[ X(@)e/do= | X(N)e/™d | (a2)

Inverse Fourier x{7) = 1

Transform : n 2 el
E= [ kfa=[|xNFar== | [X@f do

ii) Diserete time Fourier fransform :

oo

DTFT : X ()= Y, x(n)e /@" .. (43)
- n=—co -
17 ; 1

Inverse DTFT : x(n) = = X(w)e/®"do .. (44).

flﬂﬂ \/

oa .— T 2
E= Y k) = [ X (@[ do

n==—oa —1 [
END... &5

. A Guide far Englneering Students
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5-3 Laplace Transform
S. = :A...O o e za_nqv < a
Wt/ |
6. 4 sinwg tu(r) A4 Wy Re(s) >0
- P+l
@ A coswg t u(l) As Re(s) >0
s24 w?
8. e 9 sinwgy1 ®y Re(s) > -a
(s+ &N +
9. € % coswpt Ste km?v =
(s+ QVN + W
10. ' sinhlar) a Re(s)>a
52+ q>
11 cosli {ar) S Re(s)>a
s24+q
12. € sinh(br) b Re(s)>(a+ b)
- (s+a)’ —b> :
13. e “ cosh (br) sSta Re(s)>(a+ b)
- (s+ nvu b2
14, M1 1 Re(s) >0
A: B :AQ .,.|=. i
15: (-1 ! Re(s) <0
) z o
16. gl 1 Re(s) >—a
A=l~v_ :A«v Au + Qv:
17. i 1 Re(s) <-a
—_—— - —
(n- .O_ 4S0 Am + nv:

Table 5.2 ooia_or:‘ used Laplace #mzﬂo::.“ ,.um:.m

SRV

M

AR

s :

Stgnals and Systems 5-4

5.1 : Deflnitions and Properties of Laplace Transform

A e Bt et B et et et et e . e bt et A et
\‘
74

Important Points to Remember
* Laplace transform and its inverse is given as,

=,

X () = _. x(t)e ¥ dt
— o4 j&) H
x () = X (s)e* ds f
m 7 :

. : : o-jo

|
|
M
._
i
i
i
M
i

et ot St eerattend f.tﬁt’;lil\
Q.1 Derive the nm_b:buur@ between fourier tramsform and Laplace
transform. =5 {SPPU : Dec.-14,12, May-19, Marks Z]
Ans, : Laplace transform is given as,

.?Sm-a&.

—oo

1

X (s

since s G+ jo,

Nﬁhv" o-ﬂ HAHV NIAQ“T\EVN dt = n.‘;n HANV e or Nl\..m: at
= Wﬁk@v mlam”“v ml\.e:.mn @l

Fourier transform

Thus, Laplace transform of x(r) is basically the Fourier wansform of
x(r) e °".If s- jo, i.e. 0=0, then above equation becomes,

"X (s) e._w x(2) e IOt gy =X(o) : . : 300
cm ;N?.v X(j©) when s=j@

This means Laplace transform ﬁﬁsnhmmg ‘

hahw:..n N\%\Q\: L
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Ans. : ROC : The ran
converges is called
following Properties :
1. No poles lie in ROC.

2. ROC of the Causal signal is right hand sided. It is of the form
Re(s) > a.

Laplace Transform

ge of values of ‘o ' for which Laplace transform
region of convergence. or RoC. The ROC has

3. ROC of the noncausal si
Re(s) < a.

4. The shystem is stable if its ROC includeds jo axis of s-plane.

goal is left hand sided. It is of the form

Q.3 State the limitations of fourier transform and need of Laplace

transform. U= [SPPU : June-22, Marks 6]

Ans. : Limitations of fourier transform

i) Fourier transform can be calculated only for the signals which are
absolutely integrable. But Laplace transform exists for signals which
are not absolutely integrable.

ii) Fourier transform is calculated only on the imaginary axis, but Laplace
transform can be caleulated over complete s-plane. Hence Laplace
transform is more broader compared to Laplace transform.

iii) Laplace transform is more suitable for solving differential equations
with initial conditions compared to Laplace transform,

Need of Laplace transform

¢ Laplace transform represents continuous time signals in terms of
complex exponentials, ie. ¢~ 7,

* Continuous time systems are also analyzed more effectively using
Laplace transforms. Laplace tramsform can be applied to the analysis of
unstable systems also. ‘

Q.4 State and prove periodic signal and time scaling properties of

Laplace transform. U35 [SPPU : May-14, Marks 6]
Ans. : i) Laplace transform of periodic signal

Let the Laplace transform of the first cycle of the periodic function be
Xy (5). Then the Laplace transform of the periodic function with period T'
is given as,

]

X(s)=

= e ———

@ A Gulde for Englneering Students,

et S Al del e

A .

4.0 Laplace 1,

‘/g

3 v faf ] /avVe, : #
ows the periodic 'sine’ wave For this signal e o

Slgnals and Systents

proof | Fig. Q.4.1 sh

write, e g L
Y0 _\/ ~
“ Pofofo2T /\hmﬂ - i
Fig. @.4.1 Periodic signal
x(t) = x,00) + x,(1) A+ x3(0) + x,(0) +.. : - (Q42)
Note that x,(1), x,(1), x,(1) ...... is the same signal with shifts, ie,

X,(8) = x (¢=T)

x,(f) H‘.k_ (t—2T)

3.3 =x (t=3r)... and so on,

Hence equation (Q.4.2) can be written as,

KO = x () + 5 (1-T) + x, (£=2T) 4 23 (—3T) +00is
We know that x,) <L, X,(s). Taking Laplace transform of above
equation using time shifting property, .

L] = Xy ()4 e X, ()4 e

=208 / =375 oy
- Xy (s)te™ " X, (s)
e sl Mﬂ~ m..wvi. he -
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Laplace Transform
i) Time scaling

Statement : Expansion in time d
frequency domain and vice versa.
?

a

omain is equivalent to compression in

x(ar) s L /ﬁL o ROG L S

|a] a | a . (Qa.3)
Proof : ﬁ.u.AQQH_ = .ﬁ. x(e Q Fo g I
Let at = 1, hence ¢ = .W. dt = Waﬁ. The limits of integration will remain

same.

<L [x(an)]

I
§ ="
-
7~
ol
®
oA
Q=
S,
“
I
| —
— 8
b
&
RS
ml
7
Qln
e
=]
U
“

1 5 . R
mxﬁ& roc ; 2 Qa4

Similar procedure can be repeated for Laplace transform of x(-—az). We

get,
1 PV,WOO . R

a =it —(7]

£ [x(=ar))

Above equation and equation (Q.4.4) can be combined as follows :

L _H.J.Ahav“_ = _lmwl_k Www , ROC nln.._uw.

As a special ¢ase with ¢ =—1 we have,
x(-1) «*—x(-s) , ROC : R

. R (@1S)
This result shows that inverting the time axis inverts frequency axis as
well as ROC.

S
o =
N -

3 -~

Slgnals and Systems 5-8 Laplace Transform

TR

Q.6 State and prove following properties of Laplace n..bluwmn-:..
1) Time shifting . :

US [SPPU 1 May-07, Marks 3, May-12, Marks 5, Dec.-19, June-22, Marks 2]

’ :
A

il) Frequency shifting
35" (SPPU : Dec.~07, Marks 6, Dec.-11, Marks 4, June-22, Marks 2]
Ans. : i) Time shifting (Translation in time domain) .
Statement : A time shift in the sigaal introduces frequency me.. in

frequency domain.

L [x(t-10)] =0 X(s) ROC:R

Proof : £ [x(t—ty)] = .ﬁ x(t—ty) e dt
Let T=1—1¢, hence t =1+ t and dt=ds. The limits of integration will
be —eo to oo, : :

oo

oL [x(t=10)] = .— x(7) e 3(T+10) g o=

— co

._. x(t) e T e 4
=e0 [ x(x) e dT = e X(s5) , ROC: R

— 00
—

X th .
i) Shifting in s-Domain (Complex translation) or Frequency shifting

Statement : A shift in the frequency domain is equivalent to multiplying
the time domain signal by complex exponential.

L Thoﬂ vau = .NA%I.&V » ROC : R+Re(sq) J .1 (Q532)

o,._w 20t aA& m..ﬂ.,% .l., a._w /ﬁ& b.,n@...u.&_s.ﬂ«

Proof : ./ _“mho-. »A&.._ =

. (Q5.1)

Lt B Y

AT v
o

S A

A A

i
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Sigmaix H £ P Laplace Transform s
S amed \vsewe

: | (=) x(1)
Ans. . D) Differeatiation in time domain 3
adds a zero 1o the system,

\

Statement : Differentiation in nme domain

Q.7 State and prove convolution Property of Laplace tra

:,mn.s.—a.

= x{1) == 5 X'(), ROC:R | . (Q6.1)
& N V(). R |_ Q N IS [SPPU : May-07, Marks 3, Dec.-gg, Marks 4, Dec.q6 o
R 1 e L . 4 Dec.-19, Juna.os oTKs 6,
. @ Ans. : Statement : The Laplace transform of 83&“%%. zﬁa 2
Proof : (i) = o ._ U(s) e @ (Inverse Laplace transform) functions is equivalent to multiplication of thejr Laplace fransform. o

7
Differentiate both sides of above ¢quation with respect to 7' ie., X QV* X5 m Q — X ?v X m.qv ,

2 y THje | oHjo 3 ROC : containing RO R, B.u.:
% u,r.; = WQ. ¥ g A,& se¥ ds = Ty, : ._.U.e T.\ﬂ.@.v.._ e’ ds ~
- = + . . = _ {
Tverse Laplace of s(5) Proof : x| (¢)*x; (1) : .h * (Dx3 (1-1) a2 (convolution)
F ultiple order dervartive. :
i, e N Taking Laplace transform of both the sides,
| nww ot n oy e ie . et oo o
T«n x(1) e=—— " ¥ (s) » ROC containing R (Q.6.2) £ [x (£)#x ] = .\‘ \. X1 (D) x5 (1-1) deb e~ g
%) Differentiation in s-domain : . Changing the order of integration,
Statement ; Differentiation in s-domain corresponds to multiplying the o o
tme domain sequence by — 7, : : L [x () waxy (23] = ,‘. x (1) dr \. X2 (t-7) e~ g
| : -~ oo — o0
| L d .
_’ICANV — = X(s), ROC:R . = (06:3) Let -t = X in second integration. Hence t = A+ ¢ and df = g\ The
: integration lirrits will remain same.
Froof: X(9 = [ x() v L@ @) = f 5 @ [y ) et
Uu..mmnawnmmmbm above equation with respect to s/, - -
. : - 5 —sA —3T
d o . = _ = .ﬁ.fm@&d%\«NA@mq Sen it
= X(2) = 1% x(2) (-1) e dr = .‘. [-¢ HQ& e=5 gt s e
l’\’-l oo o0
Laplace transform of—r x(2) = ,‘. Xy (t)e T dr .ﬁ x3 (A)e=2an
T S . o=
~2x(1) «=—; - X(s) X1 (s) X3 (s)
“For EEQM_O order differentiation in s-domain, =) A.nv A mqv » ROC Ry NR,
— , B¥cobES A Guide for Engineering Students
@ A Guide for Engineering Studenss e il o Enpincering Sridskey
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Laplace Transform

Q.8 State and prove the integration property of I

saplace transform.
G=C[SPPU : May-05, Marks 3, May

<08, June-22, Marks 2, May-10, Marks 6)
Ans. : i) Integration in time domain

Statement : Time domain integration adds a pole to the

system,
|

_. x(1) dte—— ulpclv » ROC : R [Re(s) >0] .. (Q.8.1)

o0

[ u(r=v)x(x) a

— o0

Proof : x()»u(:) =

#(r—1) =1 for <7 Hence above equation becomes,

x(D*u(r) = ._m 1 x(1) dt= g_. x(7) a..n,

ie. _.k?v dt

x(t)* u(?)

Taking Laplace transform of both sides,

1

2 _. x(1)dt

Il

L Lx(O)*u()} x) —— X(5) and () et W

= X (s .W » By convolution property

_ X0

» ROC : R [Re(s) > 0]

For multiple order of integration,

* h._. .ﬁ .......Tva:a..u:.&? - X0

Fltll U.:

.. (Q.8.2)

ii) Integration in s-domain

Statement : Frequency domain integration corresponds to dividing the
tine domain signal by r.

@acosEs

A Guide for Engineering Students

Signals and Systems 5-12 Laplace Transform
w@. L | X(s)ds, ROC:R . (QE3)
Proof : ._. X (s)ds = ‘_. _. x(f)e™* dt | ds ‘
5 5 =t

Changing the order of integration and rearranging the terms,

M.o X (s)ds = M x(1) w_.o e 'ds|dt = ._. x(f) 3 dt
A 5 — o0 5 » s
i 7 e”” —e= _ e % : ‘R
= ._..«Qv e dt .— HAQ dr , ROC

». ROC s R

= .wu km& e dt =L Qv

Q.9 Om_n..w;u the Laplace .:.muwwoﬁn of following functions and U_oﬁ
their ROC.

i) x(t) = e u®) ii) x(®) = —e¥u(-r) 55" [SPPU : Dec.-16, Marks 5]
Ans. : i) x(?) = eV u@)
X(s) = .ﬁ e u(t) e - dt By definition of Laplace transform
= _. e et gr Since u(t) = 1 for 0 <t
0 , :
‘oo ; —(s=a)r |~ —(s—a)r | @ ~(s=a)r | -
= _. mIAhlhv~&~' = mﬂl| = Hm ml — lim &
s ~(s—a) ES —(s-a) | r—0| —(s-a)
=(s—a)t —c0 x g
e e .
i = =0if(s—a)>0
Hee mwwu —(s—a) —(s—a) (
: e 1 .
X(s) = 0- for (s—a)>0 = for s > a

s

4

IO,

N y
TESR S

e
' aip

AR

18
e

R

&
SUECAY

i
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Signals and Systems 5-15 Laplace Transform

L iR = ol.q £ dr w d TI:Q
0

-5 s| —=s
i\
1 emsx= gl 1
s 4.1“;,4\/0
£ 1
r(r) «—— — ROC : 0
(r) = s>0orc>0 g . (Q.10.3)
st e v 1 |
Similarly, D1 - w..:l ,ROC: Re (5)>0 0or o Vo
iv) x(0) = te™ u(e)
We know tha =i st 1 . b y
it m, u(r) e—— 55 \-ROC :5 >~aqor Re(8)>—a
X () Hnwﬂ.ﬂw : .
By differentiation in s-domain property,
oo (4) Alk..lvh..w\_ (s)
ds
—p T ey Lo A
ds s+a
e X o A : o>~
u ( VTlv?.+avn ,ROC : Re(s) or a>—a | .. (Q.10.9)
Similarly, —¢[re =% y ()] % A
: ds Au+nvu
. . NN ann uhﬁﬂv ot H
— — coo ((CLINELS
5 = (Q.10.5)
o |~ﬂ|IH|. ™% wi(e) DI N o ;
(n=1)! ) e (@710:6)

Q.11 Obtain Laplace transforms of following signals :
1) x(t) = A sin wot u() ii) x(t) = A cos ©gt u(t).

S [SPPU : May-09, Dec.-19, Marks 2]

TR e e e

Signals and Systems

5-16 Laplace Transformn
Ans. t i) x(1) = A sin gt u(f) .

kﬂbn._.\.wESo:;Caua%
L4 Jjoot _ = joot
= 4 b. e e

1] —je
3 u(ty ¢ *" dt, since sm@ =

e/’ —e
2j

_ 4 r Jogr —st 1, T — jwgr —st 7,
MMMvt_.SN u(ty e dr — .*. e’ o u(r) e &m v

—co

—on

= ww T_ [e/®0" u(t)) — L [ e /@0f :S..‘

We know that e u(t) «*— L 20 x>0

s—a’
Then above nﬁﬁ.wﬁob can be written as,
A 1 1 . E
X1 = — — ROC : s> jow and s > — jw.
ST rlg.eo u.:.eow gl :

Here s > jo can.be written as o+ jo > 0+ jo, hence >0 .H._wo.no»dno
ROC will be Re(s) or o >0. : i

o e

2j s +w s2 + o
. i Awg ‘ .
A4 sin ©g ru(t)< > ———=>ROC: >0 (@I
52+ .
ii) X(@ = 4 cos Wyt u(@)
X(s) = .-. A cos mgt u(t) e dr
e joor — jogr 1a : 9 — 4B
=4 .’. Mll.“NﬂIl - u(r) e ' dt, cos © "JM\ ﬂ_..‘n -

—0 L A o
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——

e e R Laplace Transform
| JF g 7 i T T
1} . > ] .
1 | Jio
| J
.4 ¥
“ L e T B {
" & s h
- e | ‘_
RS TR, e 3 - - |
» Sy S #n WA .
i e S o?wu«lu' {
| | {
/”I'r.n}\lln\. | ,”
| ROC ! et

Flg. Q.14.1
Q.15 Find the Laplace transform of given periodic signal :

IS [SPPU : Dec.-17, Marks 6]

x(t)
i

Jrou- Sp—

0l 1 2 3 4 5 6 7 8 it
S i M

]
Fig. Q.15.1

Ans. : One pulse ow x(7) can be re
.?nqmobm. fe. -

x () = u()+u(@-1)-2u(r-2)
Taking Laplace transform,

presented as addition of two nit step

S 5 s
This pulse is periodic with period T = 3
periodic signal is given as,

= =25 —-5 =25
\ﬁ@vﬂm..,m e e INW

. Then Laplace transform of

1 1 1+ ™5 — 2725
X §) = = -
(s) s X (s) == =

Q4es — 2¢—25
s(l—e™39)

A Guide for Engineering Students
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Laplace :3.&:...\,.&‘.3

oA SRS

ﬁ i 1 : ;
Fig. Q.15.2 : x4(t) synthesis

Q.16 Find the Laplace transform of the following with ROC : |
i) x () =u(@-5) " [SPPU : Dec.-05, 08, Marks 4 , Ma. -09, 10, Marks 2]

i) x()= &mﬁz.ﬁln{wv

057 [SPPU : May-08, Marks 8, May-17, Marks 3]
Ans. : i) x () = u (t-5)

S S R R S R N

u AT&T.N.IK.‘_MQ W ROC : s > 0 By time shifting property 1
i) x (1) = e Su (—1+3)) m
X(s) = o._»mﬂ u(=t+3)dr = Bmm_.,mi.. dt ."

E& w(et+ uu.u.,H for —eo<1<3
R .w. m.lum.hl& di = s ¥ = .mnﬁlu.um...+ mA...».u w.v.?.v
LA —(s=5) o ...?l.uy =ils=5)s

Here e~ =90 =) < == = 0, if (~-5)<0. Thus the second termof. .~
above equation becomes zero. Sk
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Sigeals and Systess i Laplace Transform i Slgnals and Systerms 524 Laplace Transform
Q.49 A signal x(D) bas Laplace transform : X'(s) = — AL \ 5.2 1 Unllateral Laplace Transform
$T 44548 “ - e e e LD '
Find the Laplace transform of the following signals, _ Important Points to Remember /“ :
g , \ i
=—(x{) b)) ()= Q) ia i . :
A »nO & (x) ra{ A B [SPPU + May-19, Marks 6] J | * Unilateral Laplace transform is given as, _ H,
g+ 2 [ = - :
ABS 2 Given : A= —m——7— : X)) = .ﬁ x(tye™* di .M
$° +45+3 4 o
ey . ] . s(8+2) 3
a) L (=< s PR AS) ——e . * The unilateral Laplace transform of first three derivatives of x (t) is |
L 3 ST +45+ 5 3
. / given as,
] 4 3
, )2 ) LGN SR S
e P 2oy Y — 1 wi S | 1 2 N Rw
B L Op@))=L x@))=—Xi—|== 3
|ai a) 2 WJN..TA\M . S &NHQV d - o
M\ rm &S &.m 2 *S! HQV_\ o —5x( v
s34 -3 . 2
£ S e p— 22y () N A AL —s? x(0—)-
s +8s=20 E s° X (s) HQV i x(t 3 x(0—=)
2 . i r=0— .\\.

Q.21 State and prove inifial value theorem of Laplace transform.
Find Laplace transform of : 1) IRS 2) £ x(f) ' (S [SPPU : Dec.-04,22, Marks 3, Dec.-09, Marks 6]

ES°[SPPU : Dec.-19, Marks 6] Ams. @ If RAOI\N (s), then initial value of x(¢) is given as,

N 3]
anwkﬁhu"ll o ) <
P s ) x(0+) = _:% s = lim [sx@] | ... (Q21.1) _
r—0+ S§—co g
s mas._ = sX(s) . . : _
. - provided that the first derivative of x(r) should be Laplace transformable.
= ‘”MNADM_ e Proof : From differentiation property of Laplace transform we know
. that,
2 £ (¢ xir)= 2% Td .
as p Tﬁi = 5% (5)~2(0-)
L (ex()] = IW_H.?WL = E IuNVN Let us take limit of the above equation as ..nlv o, ie., ..
: s+ .
: 1 d
lim L | —x(2) [ = () =02
T i ﬁ i q_w o z
e)l= ———
(s+3)

@rconeS A Guide for Engineering Students
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Find the imitial value and final value of the sigpnal x(1) its
%5%

Laplace Transform

2s+3
Xis) = 52 =55-7 E=[SPPU : May-14, Marks 6, Dec.-18, May-19, Marks 4]
I he H-Ab.»
Ams : H0+)=s—e= XE= e e &
- < m
= §-—o I|A|(|I"H
..r.u.llu.lm
b= bn 2543
HAﬂnV“hllvO hk\h\"h.lvo h.%"“@
5 +5s-7

Q.26 Determine the initizl and final values of the signal having Laplace

2s5+3
ﬂllrﬂluN?VNIM|IIMIIWJ
s +2s5°“+=5s

E=[SPPU : Dec.-15, Marks 6, May-18, Marks 3]
Ags. - 1) Initial value :

3 x(0+) = bm mxﬂmv l.mlm.mmlH.an'
5= uia s3 +2% 455
M.Tu.
= Em |;|Nm|1m|n B 2 S-S0 N
s—w= 229555 s—= [ 2 5
B
| s hN;
ii) Figal value :
x(ec) = Bm xft) = lim sX(s) = ESE
o s—0 5—0 5> 425 +55
S B3 043003
s—0 h +Nh+u 0+0+5 5

©.27 ¥ind the initial and final values for the following function :
X ()= 5+5 )
233542

£Z [SPPU : Dec.-17, June-22, Marks 6]

A Gulde for Engineering Students
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Slgnals and Systems 5-28 Laplace Transform

Ans. ¢ Initial value,
+5
x(04) = lim sX(s)= lim §-———2
s—9om s 52 235472

2

a 5“ 4+ 55

= Jim ——— = lim ——3— =1
joasm g2 L Bga D]  s—yes wL..lNl
2

- s2 %5
Final value, x(e=) = lims-X(s)= lims - ki 5 0
5—0 3—0 5 +«35+2

Q.28 Find the unilateral Laplace transform of x(t) = cos( wg?).
£Z" [SPPU : Dec.-19, Marks 6]

Ans, : x (f) = cos (wg1)
m\‘ao.+m|\.eo\ !
el

=

oc.w (wgr) =

X(s) ‘-.xﬁcmlﬂu&"Wﬁq e Jo mﬂ&~+.-.m\,.uoa,n..u.n.n
= 0 0

RS B T I
S & ==
2l s—jog s+jog | 2 .m

Il

sl [cosmgt] -

5.3 : Inverse Laplace Transform

Important Points to Remember /...

* The inverse Laplace transform of above nmg_q.- can be obtained
using following standard Laplace transform pairs.

Ennn we can use ».o:oiﬁm g—uon wnnu».ag wﬁnm
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Signals and . y P
3555%2,. — S-20 . . Laplasa Trenyorm Stynaly and Systams b g il LA L. ?&E
{ o ~Qf . . A \ SR
_, e :A!& —_, ,,4._ - ROC ! Re(s) <a .. (5.2 4 Tallng inverse Laplace transform,
! . " 1 / 4 o g &
* In partial fraction expansion, If there is multiple root of order ', ‘ x(t) = ¢ " y(l)=2e b (1)+e u(r)
| X(s) = N , w (¢! ~2¢" ve" “ Ju(r)
i ﬂ.; . ;5 41 f
Here :.,.E.n IS multipie root of degree "m' at s w5y, The partial fraction ®,80. Doterinine tits inverse Laplass transtorm of s
expansion of X (&) will be, X (5)= .|t:.|N|&z.|.
Z 't ko k, X Ky S(s+1)(s+2) VA" [SPPU ; Dec.~17, Marks 7, June-22, Marks 6]
()= 0, —~ * - R RAL Lk 8 i ;
(5=50)" (s=s55)""1 (s =59 )" =2 (s =s5g) Ans, : :
The values of kg .k, & i P g . y - A, A2 7 M SO 1S e
0.ky ks can be obtained as follows : X (s) P f.i. 1 s S+2 s s+ +u+m
ky = (s=s0)" X ()] : . Taking inverse Laplace transform,
s - 50 4 _ X(t) = yity=2e SZC.TNIN\:ACIﬁ_lwma\.:\...?v H(r)
d ;
\: - _HMM ﬁ.n.l.a.c v: V\Aavg - ﬁ—llh\i\um :ﬂn,g
§ - 50 ¢
> 4 Q.21 Obtain bilateral inverse Laplace transform of the function,
ky = 114 = (5=50)" X(s5) _ , X () = e u.u Lo e, For ROCs of i) Re(s) >3 i) Re(s) <1
2| ae? e ; ($° -25-3)
This can be generalized as follows / i) ~1<Re(s)<3 U35 [SPPU ; Dec.-16, May-18, Marks 7]
. : / Ans, : The given function is,
11 a/ b \ 35+ 7 3547
oy, mc ot (s—80)" b X (5) = = :
__, “ /! ds’ $ = 5n ol AMMV 7 [ A v ;...N =293 Ahlwvﬁmfv. mv
N B S R 4 Expanding this function in partial fractions,
Q.29 Find the inverse Laplace transform of : \ ks ke, ‘
X(s) = ~85~T/(s+1)(s—1)(s5+2). U3 [SPPU : May-17, Marks 7] | _ X (s) = e Gl - (Q31.1)
Ans. : - A1 Ay Ay ‘ oa Here, Tt o i : Is+7 _ :
: X (@ .w+_+.wl_+.w+w : / 0 (s uw\ﬂﬁ.wv_\nw Uh.f._ =3 g =
- ] \
s+ 1 s—1 s+2
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Signals and Systems §-31 Laplace Transform

i) To obtain inverse Laplace transform for Re(s) >3

The ROC of Re(s)>3 is right _ ,_“.;., c_v.W [ b
sided as shown in Fig. Q31.1. _

Hence the mwm:rw will be right
sided. Taking the inverse Laplace
transform of equation (Q.31.2), r | _

w(y=2 7" TW-LIV s

s+1

Fig. Q.31.1 ROC of Re(s) >3

ii) To obtain inverse Laplace transform for Re(s)<-1:

The ROC of Re(s) <-1 is left sided. Hence the signals will be left sided. v
Taking inverse Laplace transform of equation (Q.31.2),

]

= 4eu(t)~e " u(t)

=y} =1 |b..|||_|l ubk.iu 1 Ik.l_. 1
50 =L 7 X = Tru miw e (5=3) s (s 1)

. (Q313)
_. s

S

hﬂlmu. :AIQH_lﬁlml :A..Q.._
= Aml -4 musv :Alwv.

iif) To obtain inverse Laplace transform for -1<Re(s) <3:
The ROC of ~1<Re(s) <3 is shown in Fig. Q.31.2. This ROC can also
be expressed as, Re(s) <3 and Re(s) >~1 And,
4 1
X(s) = ————
© Sl
This function has two poles : Poles at s = 3 and s = ~1

Here use, —e% u(~1) «*—

. ROC : Re(s)<a

Il

x(r)

. (Q.31.4)

The pole at s=-1 is to left side of the ROC. Hence the term
corresponding to this ROC will be right sided. i.e.,

R—— ..J.Ml.?mﬁhn uhai.__.wm_‘s...‘wph‘:%im.

)
o R e ”

3
_ i
ol !

. Ans. ¢ i) x(®) for ROC — 4 <Re(s) < 1
215 215 i
S s—1 s+4
Here poles are at s = 1 and s = — 4. Note that ROC lies to left of 5 = 1
and right of s = — 4. Hence inverse Laplace transform will be,
x(1) = _Z etu(—t) |W e~ u(t)

Slgrials and Systems 8§33

hnﬁ.&n« u.i:ux.@..i
=1 1

& ry e Tu(r) for ROC i Re(s)>~1

Similarly, the pole at s=3 is to 1.ght side of
z_m ROC. Hence the term corresponding to
this ROC will be left sided. i.e.,

=1 1
L7 =g = e (= 1) for ROC : Re(s) <3

Hence Laplace inverse of equation (0.31.2)
becomes,

Fig. @.31.2 ROC of
-1<Re(s)<3

x(f) = 4 (=& u(~t))-e" u(r)
= -4¢> y (=t)=e" u(t)

Q.32 Find the inverse Laplace transform of :

2
RO S )

If the region of convergence is : . ;
i) —4 <Re(s) <1 ii) Re(s) > 1 iii) Re(s) <— 4.
: IS ]SPPU : Dec.-14,18,22, May-19, Marks 6} i

) 5
il) x(?) for ROC Re(s) > 1

rizn euLyE ST SR Io0R Uyt 31

ROC lies at right side of ...uoﬁ poles. Hence imverse rwm.;wnm transform

~will be,

— 2 2 -4
) =— -
HC ¢ iz =2 u( t)
iii) x(?) for ROC Re(s) < - 4
ROC lies at left side of both poles. Hence,

.a&,nphﬂmvgat_a*wauﬁ»»it@ o T

=5 5
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Q.33 Fing inverse |

| o
-

Laplace Transform

e Aplace ,Hﬂ::.r.::: of
XS = 3s s 5 w,n,..r‘,ay
(s+2)(s2 4 2541)

Ans. : S [sppy Dec,-19, Marks 6]
K(s) & 3¢ +846 a0 + 8546
4+ 2) (s +2541) (5+2)(s+1)2
_ 4 B C
A2 et ——
S¥E s+ (s+1)2
4 = (s+2) 2% 385+ |
(5+2)(s+1)2 o
4 = 2
B = 192 348546
l"l,l!
Ltds (s+2)(s+1)2
B =1
: 2
C = (s+1)2 3s° +8s+6
G+D2 (s+2) Py
C = 3 ,
2 T3 1
X(s) = e -
) S22 M+H+AM+CN
XO) = 2e72 y () et U(t)+tre " u(sr)
5.4 : Application of Laplace Transforms
to LTI System Analysis
il Important Points to Remeriber i

® The system function is the wmno of Laplace transforms of output to “_
! input i.e,

His) =

Y (s)

ﬁ

Stgnals and Systerms

* Frequency response of

\\:_: \\\_\

* Slep response of LTI System is given as, ,
\\\Ug_

P

(1) ol .

Q.34 Comment on stabili
domain,

the system is given as,

@

-

J

ty and causality of LTI system iy D.oazm

ficy
Ans. : Causality : For right sided ROC, time domain signals right
sided. Or, when all the poles are to the lest side of ROC, then time
domain signals are right sided, A right sided impulse response répresents

causal system, Hence we can state,

An LTI system is said 10 be causal if all the poles of jz
lie on left side of the ROC.

Stability : We have seen earlier that, the s

unction includes Re(s) =q

An LTT system is said ro be stable i and onk i the ROC

Ystem is said to be stable, if its
impulse response is absolutely integrable. j.e.

._mwmvo,\oam:.mnosh.m satisfied, then Fourier transform .of h (1) exists. We
know that Fourjer transform is obtained from _

Laplace ‘transform for

(s) must include Re(s) =0 ie. jw axis, Thus,

of ifs system

Le. j@ axis of s-plane,

Causality stares thart all the poles must lie on lef? side of ROC. Hence the

system will be causal and

stable Simultaneously ¥ and only if all the'

poles of H(s) lie on left side of jw axis or left half of s-plane.

Q.35 The differential €quation of the system is given by :
ady@)/dt + 2y(@) = x1r). Determine the output of system for
OIS S ey e zero initial condition,

IS5 [SPPU : May-17, Oec.-22, Marks 6]

A Guide for Engineeri, ng Students




e T SR L N :

Signals and Systems Jl’ﬁm” Laplace Transform
Ans. : Taking Laplace transform of given differential equation and input
we get,
STES)+2F(s) = X(s) here xgsys Lo
7 s+ 3
1
+2)¥(s) = L
(s+2)¥(s) ¥
7o) = —do Lol

(5+2)(s+3) 513~

s+3
.—.Eaum inverse Laplace transform

Pl = (e ﬂlm:uJiC

Q.36 Find transfer function and

. impulse response of the causal
system described by the differential equation :
a?

a d
—=y(r) +mN&3 +6y(f) =2 Z S0 =-3x (@)

2
dr 05" [SPPU : May-18, Marks 6]
Ans. : Taking Laplace transform of given differentia] equation,

S2Y(s)+5-5¥(s)+ 6¥(s) = 2-sX(s)- 3X (s)

Y(s)[s? +55+6] = X (s)[25~ 3]
H(s) = Nu?u (Transfer function)
5° +55+6
Sbn 7
S

Taking inverse Laplace transform,
h(e) = [9e7 3" ~7e= 217y

@ FORMULAE AT A GLANCE o : _
i) Laplace transform :

X (s) = .n_.e x(r) e dr

Slgnals and Systems 5-36 Laplace u..‘n}u\a\.ﬂ
x(r) = = E_\s X (s) " ds ... (5.5)
27 j : : -
T fen
i) Unilateral Laplace transform ¥ -
X(s) = .ﬁ x(r) e~ &..\ .. S Am..mv
00—
= 1 ty=1i sX (s ! Ty
=0 = o IS e ] .
. & et .3
R e

5 oy

¢ il s
r i LY L
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Probability and Random Varlables

N (red) 4 1 .

ii) P (mot black) :

Then probability that ball will not be black 1S same obabili ;
will be white or red. Hence, ® 8 probability that it

N(red) =4
N(white) = 3C, =3
.. P(not black)

If

If

P(red) + P(white)

_ N(red) ot N (white) _ 4
N N SR

iii) P(black or white)
HereN (black) = °C; =5

ol ~

and N (white) = 3C; =3

P (black or white) = P (black) + P (white)
N(black) =N (white)
IT
N N

Q.3 In a pack of cards, 2 cards are drawn simultaneously. What is
the probability of getting a queen, jack combination ?
OsF° [SPPU : May-17, Marks 6, Dec.-22, Marks 4]
Ans. : Number of ways of drawing 52 cards in a pack,
: 520
e e B L
S ey R

Number of ways of drawing a queen from four quecens,

Ng = *Cy = — = 4 ways

BEcoBES : A Guide for Englneering Students

Auns, : Sample space for throwing a pei.ect die will be,

Slgnals and Systems 6-4

il Probability and Random Variables

Probability that two cards drawn will be queen-jack combination is,
D\s N Az £

g J x4 ]

el = = [2,06 X 1(

N 77 R

\-.‘

Q.4 A perfect dio is thrown. Find the probability that : i) You get
even number if) You get a perfect square.

Z5" [SPPU . Dac.-16, Marks 7, Dec.-22, Marks 6]

S = {1,2,3,4,5,6} Hence N =6 samples

i) Getting even number, 4 = (2, 4, 6} Hence Ny=3 !
N, 3 il
P(d) =L =2 =0,

P(d) = === =05 ‘ _a

if) Getting a perfect square, B = {1, 4}, Hence N = 2 m
- g i

ey,

Loy T
v

Q.5 A box contains 10 white, 15 red and 15 black balls. A ball is
drawn at random find the probability that it is : 1) Red 2) Not
black 3) Black or white. = [SPPU : Dec.-19, Marks 3]

Ans. :

i
AR
T kgas

SNE

N

i\

No. of white balls = 10
"No. of red balls = 15

No. of black balls = 15
Total number of balls

= 40

15 3

PRed) =75 =3

"N Bi(Black or white)l = =2 =

: _ 40 8

R 5

Hu t .UH < = =

(Not black) T
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Signals.and Systems 6-5 Probability and Random Varlables

6.2 : Probability Models

Important Points to Remember

]
|
* Binomial PDF and CDF are given as, &_

n

% R »J.n 11.3:[». Stx —k)

—

=

il

Sy &)

- x &
Fy (x) >, "Co Y -p)"t

k=0

¢ Thermal noise generated in electronic components have -Gaussian or

normal  distnbution. The random errors in the experimental |
> : > - ] !
mesurements cause the measured values to have Gaussian distribution

about the true value. J

.

Q.6 Explain uniform distribution model with respect to its density
and distribution .function. 1
: ES°[SPPU : May-14, Marks 8, May-16, Marks 2, Dec.-07, May-19, Marks &,

- y Dec.-09, Marks 8, May-06, Dec.-11, Marks.3]
Ans. : Uniform distribution’ is used to represent quantization noise in
PCM and similar other phenomenon. >

-

The PDF for a uniform distribution is given as,

ﬁo Jor. .«ASI% and
Uniform PDF : fy ()="{  x>m+3 w Q6D
: Mw Jfor ﬁSl.mumw mxmﬁz?nwlw
* And CDF is given as,
: 0 for xAEIM
Sy (x) = WATIE.TWW for Ei.WuMHM .E.TW
1 " for x N:..+W

-
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Probability and Random Variag

a5 =il Sl >nvmmfonmmx<m_cooﬁ
a random variable,

udpl = Amplitude of all possible
values of rahdom Variable

Fig. Q.6.1 PDF of uniformly distributed random variable. The peak tq
peak value is ‘A’ and amplitude is uniform (i.e. A)

_® The value of PDF, fy (x) is same for all possible values ‘of a randor
variable. therefore this distribution is called Uniform Distribution,

*The mean and variance of random variable 'X' having uniforn

o, ; (a—b)?
distribution in interval [a, b] are my = —— and o..m = va

Q.7 Explain the Gaussian or normal probability model with respect
to its density aund distribution functions.
X ?
OS5" [SPPU : May-14,19, Marks 8, May-16, Marks 2, Dec.-07, 08, 11,

May-12 Marks 4, Dec.-05, 13, Marks 6, Dec.-10, Marks 5,
May-15, Dec.-19, Marks 4]
Ans. : Gaussiar distribution is also called Normal Distribution. Tt is

defined for continuous random variables. The PDF for a Gaussian random
variable is given as,

1 e S 2
e (x =m)=/2a

oo on, CQLFAE)

1 (| 2 2 vy
Here 'm' is mean and o2 is variance.

Gaussian PDF : [ (x) =

Fig. Q.7.1 shows the sketch of Gaussian pdf.
Properties of Gaussian PDF

Property 1 : The peak value occurs at x =m (ive. mean value). i.e,,

fy (x) = _ at  x =m - (Q.7.2)

o/ 21

i.e. mean value

A Guide for Engineering Students

@Econe>



Siguals and Sywrems TR ), 7 Probability and Random Varlable : 7
\\\\ll2|\l||.|_||l.! ST ...E::?d:& .a(‘_.u.\u.m; o hedl \.\\\\\t\\\:\& and Random Varlabley ? ’
_.;;AXV ﬂ, bwa - { E . " 2 k , m f

avan e know that , P (X = k)= ") p* (1~ p)” ' e

» _, _ P(X23) =305 (04)" (06)% + 5C4 (0A)% (06)" + 5C4 (04)° (06)°

) | | , | Y

\ 4 - = » N v

, ] \ aJT l,, ] ...-I.m_iﬁ?: (0.6)7 4 4. . (04)" 3\:,5 2. ::: iy

= _ ” m , w (5= 3)13! (5-4)!4! 5)!5 7

m (0,317

ﬂ_o Q.7.1 Plot of Gausslan PDF

Property 2 : The plot of stmm;: PDF has even symmetry around
mean value ie,,

Jy(m =a) = fy(m +0) v (Q7.3)

il) Probability that a student will not be late at all
Here ¢ = 0; the nu nber of times student is late,
s P(Xm0) wm 3Cy p0 (1-p)® = 3Cy (04)° (06)°

Property 3 : The area under the PDF ourve is 1/2 for all values of x 51
below mean value and 1/2 for all values of x above mean value, i.e,, = (520)10! %1% 067
- . 1
P(X Sm) = P(X = w (Q7.4) = 0,0778

Q.9 Show that the mean and variance of a random wvariable "X’
having a _...:.c..-: distribution in the interval [a, b] are,
a b . . 2 (a ISN
: d A=
N an Q.,. HN

UZ* [SPPU : Dec.-08, May-12, Marks 6, Dec.-09, Marks 8,

Property 4 : As o - 0 the Guussian function approaches to & (i.o,
impulse) function located at x =m This is because the arven under the
PDF curve is always unity, And the area of impulse function is also
unity,

my=

Q8 A student arrives late for a class 40 % of the time. Class meots
five time each week, Find : i) Probability if students being late for at
least three classes in a given week. ii) Probability of students will not

Dec.-14, Marks 4, 3a<..um. Marks 4]
Ans. : Fig. Q.9.1 shows Eo ﬂnﬁor of uniform distribution in the interval

[a, b].

be late at all during a given week. IS5" [SPPU : May-15, Marks 4] \
Ans, : Here let the probability that the student will be let to the class is —en
40 L
- e = (14, : : |
100 :

1 = p is probability that student do not come late. It will be
l=p=1-04=06.

n is number of times class meets in a week. Hence n = 5,

| _
a m
fsefumsie
|

L i B 5

K is number of times student is late. Here, k = 3.

1) Probability that student gets late for at least 3 classes in a week Fig. Q.9.1 Uniform distribution having ,_:32& [a, b]

Probability that student gets late for at least three classes in a week can
be expressed as, P(AX'23) = P (X =3)+P (X =4)+P(Y=5)

@a A Gulide for Engineering Students
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6-17 Probability and Random Vartables

CDF is the probability Fm_ ibution function ie. it is defined as
owmc:_? of some event {X < x/, its value is always between 0 and 1

Homvﬁ—-ﬁ-{ N . mu..r‘ ﬁ| on.v - O and .-u..,. rw(,; = ] :U_: uv

e > means no possible event. Hence P (X < = = ): will be
jways zero. The refore Fy (— <) = 0. At x = o means P (X < s ) that
acludes probability m; all bomr?m events. Therefore probability of certain
vent is ‘1’ Hence Fy (=) =

roperty 3 Fy(x)) s Fy i.L ifx; <x; -« (Q.10.4)
{ states that the CDF Fy (X) is a monotonic non decreasing m:bo:o: of x.

J

41 State and explain the properties of PDF.
B [SPPU : Dec.-10,11,18, Marks 4, May-05, Marks N., May-14, Marks 8,
Dec.-13, May-15,19, June-22 Marks 3, May-16, Dec,-17, Marks 6]

.+ Definition : The denvative of Cumulative Distribution Function
CDF) with respect t0 some dummy variable is called as Probability
Jeasity Function (PDEF).

PDF : /y(x) = = .n« (x) .. (Q.11.1)
Preperty 1 : PDF is nonzero for all SPEam of x.
ie. fyxx) =2 0 for all x 2IHOTE2)

Proof : Since Cumulative Distribution Function (CDF) increases
monotonically, the derivative of CDF will always be positive. PDF is
obtained by taking derivative of CDF. Hence PDF will be always
positive.

Property 2 : The area under the PDF curve is equal to 1. ie.,

[ xm & =1 ... (Q.11.3)
: d s
Proot: /() = 4 Fy (o)

v

I3 d gt :

2 .‘. \a@&nl._‘ _an ¥ QL dx = T.,._,\ AH&IB = _” Fy ()— Fy TR&
=1-0 =1

@ A Guide for Engineering Students

Slgnals and Systems 6-12 Probability ard Random Variables
Property 3 : CDF is obtained by integrating PDF. 1.€.,
Fy () = ;. Sfx (x) dx ... (Q.11.4)
Proof : fy(x) = ‘% Fy(x)
. dx
x X - .
T sora [[4 rew]a-treer.

=[Fx(x)-Fx (=)]=Fx ) - 0=F; ()
_u_.ouma 4 : Probability of the event {x;<X <x ww. is simply given by
area under the PDF curve in the range x; < X <x

. Proof : dun probability of {X<x;} can be expressed es sum of utually

exclusive events {X <x;} and {r<X <x3}.

ie, P(X<xy) = PX<x)+ Pl <X <x) - (Ql1]

Fx(z) = Fyr() ~ P(xy <X=x3)
- P(x; <X <x5) = Fyx(x3) — Fy (=)

P(X <x;
- (Q.1I16)

since Fy A..& =

) x
Py <XSxy) = | fx@) di— | fe(ds By oquation (Q114)

—co

= | freoax QL)

X1

Q.12 : A three digit message is transmitted over 3 noisy channel

having a prebability of error as ™ (E) = ..Ml per digit. Find out the

corresponding CDF. LS [SPPU : Dec.-16, Marks 7]

2
Auns. : P (E) = n per digit
.. Probability of the correct digit 1s,

wﬁsn.unzs.upul = 3 per digit

wn
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| Fig. Q.12.1 : Sketch of CDF
Q.13 A coin is tossed 3 times. Write the sample space which gj
possible outcomes. A nmumoi variable X, H.mc;mwua;_»m E:mhuam i
heads on any triple toss. Calculate and draw the CDF and PDF e
=" [SPPU : Dec.-09, Marks 10, May-11, Marks g, Dec.-18, ,zu._.xm 6

: The sample space of all possible outcomes will ﬂaﬁ%%%%b%&wﬁ. a;

§ = {HHH, HHT, HTH, HIT, THH, THT, TTH, T1T}
The random variable 'X ' represents number of head
Bence possible values of random variable will be,

Ans.

S in any Ewwmm toss.

X = { No heads, r0:.m wm.n&.u Tiwo \QQR.& Three mmaaﬁ_.
%0 x 2 x3
CDF :
The CDF is given as,
) 0 for x<x
Fx &) = {3 P(X=x) for xg<rsx;
i=1 :
T for x>x;

= P (X =x0)+P (X =x; )4 P(X =x, )+ P (x3)

Recobys

A Guide for Engineering Students
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6-16 Probubility and Random Variables -

P(X =x4) ¢ Probability of getting no heads : In sample space there is:.
only one outcome that has all tails, i.e..
xg = (I, T.7)
Probability of getting head or tail is M Henece,
P
P(X =xq) = P(T)- P(T) P(T) » Number of outcomes for xo

| I | ]

- A= A A=

2 4 2 g

P (X =x;) : Probability of getting one head : In sample space there are
three outcomes that has one head i.e.,

A% xy = { HIT, THT, ITH }

w,Cm =xy) = P(H)-P(T) P (T )« Number of outcomes for x;
T 2T 8

X,) : Probability of getting two heads : In s-mple space there
are 3 oufcomes that has two heads. ie.,

& . x, = { HHT, HTH, THH }

© P(X=x,)= P(H)P(H) P(T) % Number of outcomes for x,
g g

P(X= x3) : Probability of getting all heads : In sample space only one
outcome has all heads. i.e.,

'x3 ¢ {HHH}

P(X =x3) = P(H)-P(H) P (H) x Number of outcomes for x3
i oy 1

Rl aa =g

o&n&wﬁm.& as follows :
/e (E) =5 STsie 5 Sy

Fy (%) = P (X Sx)= P (X <xg)+P (X =x7)

8§ 8
N.J.«»\.A.x.—v = ﬁA\KqMHHvﬂ P (X <Xp v.TWA.\N “‘..WOV.TWAN«.‘.“HHV
T lon ' S _
O+W+W| 5

Now Qum can be

since P(X =xq)=0

.

A mv;tn.‘.mﬁ m.:w_aawlrm. .W..:n.mmw. i

~L
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,u.-.h:nh.... and Systems 6-17 Probability and Random Variables

Similarly, Fy (x2)=P (X <x;3)
= P(X <xp)+P (X =xp)+ P (X =x))% P (X =xp)

L {3 "3 ey
= 04=—+=+===
8 8 8 .8
Fx(x3) = P(X<x3)
= P (X <xp)+P (X =xp Y+ PA(X =x) )+ P (X =x3)
-5 A
= 0+—+
,,,,, N ,
B it
— G/8 . H :
518+ !
..... h\w
X 38 |- 4 i
e iiEer e s ) : 378
F.N\m qXA,X._u M N\Q
..... 1/8 _. ; L 1/8
AR I N P -
i~ | i(acpbF

» Fig. Q.13.1 : Plots of CDF and PDFs
Fig. Q.13.1 (a) shows the CDF of X.

PDF

d : : : .
fr(x) = mw.ﬂ (x) ie. difference in amplitudes of CDF plot of
Fig. Q.13.1. ol

Jx (x). = 0 for x < x, since there is no amplitude- difference in CDF
plot for x <x;

Sy (xo)=

s

Le. difference in CDF' amplitudes at x,
Sy (x) =

Jx (x2) =

ool

s A
B ik
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: 1
Sy (x3) = 1=g=3
fx (x) = 0 for % < x3 since there is no amplitude difference i

CDF w_i for x > x3
Fig. Q.13.1 (b) shows the PDF calculated above.

Q.14 Two dice are thrown at random several times. The randop
variable 'X' assigns the sum of the numbers appearing on dice f,
each outcome (event). Find the CDF for the random variable.
55 [SPPU : Dec.-11, Marks 8, May-19, Marks §)

Ans. "A“ Each dice has numbers from 1 to 6. When two dice are throwp,
the sample space will be as shown below :

L (1, 12 13 14 15 16]
2122002 3T AN 58 70
e sl & um 3. 453 50036 - (QI4)
41 42 43 44 45 4,6 . A
S0 52 SIS LS SRS 6
|61 62 63 64 65 66
The random wvariable assigns sum of outcomes of two dice. The minimum
outcomes will have a sum of 1 + | = 2 and maximum outcomes will

have a sum of 6 + 6 =12. Thus the random variable will take wvalues
(sums) from 2 to 12 as follows :

X = {x3,¥3,¥4,X5,X6,X7,X8,%9,%X16:X11-¥12
Now let us find the probabilities of random variable.
P(X <x,) =0
P (X =x5) : Sum = 2 There is only one event having sum of '2'
175 5 = ik 1 :

i.e. sum less than 2 is not possible.

gUANHHNvH

&l

= 3 Two events result in sum of '3' i.e.

(=1

P (X =x3) : Sun
X3 = .:» 2 Nu:.
2 i

o .vﬂk.“.xmv == m

P (X i 01 300 0 ko W) i Sateven s

=
. : : A Guide for Engineering Students
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4

mwaw_mlv: P(X |..|_;u.m T -

(=3

= VNMI P(X 6
B0 T gl A SR =

P(X=xg)=

Calculation of CDF |

Fx(x) = 0 for x<x, since P(X =x,)

Fx(x2) = PX SX3)=P(X<x))+P(X=x5)=04b = L

Eels) = P <xq)= PCx <X3)+P (X
T

Tt ot e

36 36 36

Fx(g) = P (X Sx4)

ENAS?E»\H&?wt«uﬁifknﬁv
o2 d
=G —o o

36 36 36 36

=X3 )+ P (X =x3

O

o 10 15 2] 26
Similarly, Fy (x .ull e )= = = = =2 . = 2>
y, Fy (x5 7 Fyx (x6) T3 Fy(x7) % Fy(xg)= e
.l 30 m 36
Frbo)==2  Fx(xip)= a m,i«:v »..‘,Ax;vum|ﬂ
Fy(x) = 1 for all x > x|,
Q.15 Suppose that a certain random variable has the OUM,
0 =)
Fy(x)=1{ kx? 0<x <10 w (Q.15.1)
100 & for x >10

A Guide for Engineering Students
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Flg Q.14.1 : CDF assoclated with rolling of two dice

Evaluate k, Find the values of P( X <5)
and HG <X <7) , plot the corresponding PDF.
0S5 [SPPU : May-16,17, Dec.-17,18, Marks 7, Dec.-19, Marks 6]
Ans. : i) To obtain value of 'K
The CDF can be expressed as,

) forx < x;

Fy(x)= qu ,%A.«H.ﬁ.u SRS B =R e (QULESEZ)

i =1
1 for x >x,

Comparing equation (Q.15.1) and definition of CDF of given above we
have,

Fy(x) = 100k = 1 for x > 10

: 0

o : k 100

Putting the value of k in given equation (Q.15.1), LT
Fy() = :_5 x2 _ for0<x< 10 ... (Q.15.3)

- e mm——a W ey A N A ST S
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ii) To find P(X = 5) Q16 In a random experiment, a trial consists of four successive

Fy( = P(X<x) Definition of CDF tosses of a coin. If we define a random variable x as the mumber of
or .ubmwa\ = Folx) heads appearing in a trial determine PDF and CDF
for x = Ml PX < My»” Fy (5 IS5 [SPPU : Dec,-17, Marks 7]
putting x = 5 in np:mm ia AO 1535). We have Ans. : For four successive tosses of coin following is the sample space
1
PIX< 5 52) ==
(S = So ( 4

iii) To find P (5 <X <7)
wﬁ.ﬁu \NMHMV —
P(5<X< :

{TTTT, TTTH, TTHT, TTHH, THTT, THTH, THHT.

THHH, HTTT, HTTH, HTHT, HTHH, HHTT,

HHTH, HHHT, HHHH}
Fy(x2) = Fy(xp)

ﬁa () - Fx (5

.umn

No heads ,one heads, two heads, three heads_four heads
. A\ (S . N——
- (N2 - 52 = HO 25 24 Xo X1 X2 X3 X4
So So 100 T00 100 . 1 =l B
from equation (Q,15.3) i P(X=xg)=gc P(X=x3)=
iv) Ho.mum PDF 4 1
Nucmn‘.ﬂvumm wﬁ.x.nk.“vuﬂm
with k = — | CDF of equation (Q.15. 1) becomes,
Hoo 6
P(X =x)= =
0  forx<0 e
2 : . ; .
Fy(x) = ? ForD<x<10 ... (Q.15.4) CDF is calculated as follows :
1 forx>10 : Fy (x) = 0 for x < 3y >
1
3 ; Fy(xg) = P(X<Sxp)=P(X<x +P (X <xp)=—
Now differentiating above equation with respect to x we get PDF as i) A : . 2 ) 2 16
2 = = 5 = « = P M = |M!
e e e [ ... (Q.15.5) celea) = G m@ SR BEUR SR b=t S
_ &x 100 50 o8
m._m O Hm 1 mwoﬂm the w_On of .vbm. 7y (x) given by above equation, DR s )= Rl SR PR lw. 16 - 16
., 114 _ 15
»ﬂﬂ.r\Ava = NUA\% H.wv Nur\.w. AHMU:T.WA\W .Huv“_,l.mrfﬂm“u.'
= " . - 155
Fy(xq) = P(XSx4)=P(X<Sx3)+P(X=x,)= 16 wlmlH
PDF is given by, , 4
: d g :
N.lw = — G \
x (x) &x\.“. ( v. .
e A Guide, \Q..,m.hﬁimﬁ.m:u. Students @-uma .
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a
Fx (=) ﬂm Fxn)= S::iino:?:n_hou.:_
|

Fy(x4) '...w
Q.16 The probability density function of a random variable X is
given by : fx(X) = e “u(x) determine : i) CDF

ii) P(X <1)
i) P <X <2) iv) P(X >2)

C=" [SPPU : May-18, Marks 7]

Ams. @ i
S
wgm.ﬁﬁaﬂnb.m.ﬁ\x\&"_.huu:\u%&x ._. e~ dx = _H xg : -
= l-e*
e e 5 F Lk 2 TR E T TR T :
A e T : s : : 2
en o = = \ =
Sanie =5 | S50 - a8
i s DS R TI C TH TE E OE
; (b} PDE = EREn
Fig. Q.16.1 : CDF and _uU_u
- 'nﬂ — 4
i) P(X <1)= ?n@& % e~ dx = T ; =1-e~
< D.l' . N i le N ‘ l\lv
o) P(1<X<2)=Fy (2)-Fx (J) .—m.k () ds=[e~ dx uﬁ = g ! :
: 1 1 1
=l _e"2
m&vakku“hm..ﬂﬁuﬂ&"._.n.lh&ﬂﬁmg =e2
2 2 -1
@rconEs : A Guide for Engineering Students
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QA7 A coin Is tossed three times. Write the sample space which
gives all possible outcomes., A random variable X, which represents
the number of heads obtained on anmy tripple toss. Also, find the
probabilities of X and plot the C.D.F. £ [SPPU : Dec~18, Marks 6]
Ans. : The sample space of all possible outcomes will be as follows :

S = {(HHH, HHT, HTH, HTT, THH, THT, TTH, TIT}

The random variable X' represents nmumber of heads in any ftripple toss.
Hence possible values of random variable will be,

"2
=
iz
==
=

i)
e

BT RO A AR

d L

X = { No_heads ,one heads,t#o heads, timee heads, four ENRWV w-

Xg Xy x5 X3 Xa J \rru

CDF . e
The CDF is given as, . - =
% 0 for x<xg =

=

s Fx(x) = M PX=x;) forxg <x; =
. j=1 =

T 1 for x>x3 S =

= P(X =xg)+P (X =x)-P(X+x):PX=+x3) - ,

P (X=x;) : Probability of getting no heads : In sample space there is =
only one outcome that has all tails. 1.e.. =
={L LT , =

Probability of gemting head or tail is W Hencs, - 2 f
PX=xp)= P(T)-P(D)- wSxZEvﬂonoﬁBBa for x =

three outcomes that has one head ie.,
{HTT, THT, TTH} . .
mcﬂ%ﬂv PT) < zpﬁuﬂ am

X =
s P(X=x) =
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P(X =x; ) : Probability of getting two heads : In sample space there are 3
outcomes that has two heads. i.e., ‘
{HHT ,HTH ,THH)

P(H)-P(H) P(T) X Number of outcomes for x,
O, D |

wxmxm\/nb "

wm\w\uﬂwv”wﬁoarcEa\om maa.bmm:rmm%;: sample space only one
outcome has all heads. i.c., :

Il

]

@l w

L R

Xg = A..N&.NWS :
+ P(X =x3) = P(H)-P(H)-P(H)x Number of outcomes for x; = Lol A AT L
= I,_VXWXMHXN H.M. Fig. Q.17.1 : Plots of CDF and PDFs
Now CDF can be calculated as Follows - % M MkAvxu 0 for x < x, since there is no amplitude difference in CDF plot
X <Xg
Fy(x)=0 For x <x; 1 1
- =——0=— ie. Diffe in CDF it t
ey = WQ\M.«ovanm‘Auo )+ P(X =xy) Sy (xg) 7 e 1.e. Difference in CD! amplitudes a X
= 0+ =1 since P(x <xy)= 0 Sy Gy = 213
= .1[%. = M. since A <Xy v| A\ 1 8 8 8
Fo 1) = P(X<x1)= P (X <x0)+P (X =x )4 P(X =1,) o )l = m;m nm
1 3 1
= 0+=-+—=_
54373 fee) = 1, 1= L
Similarly, Fy (x5 )=P (X <x ; :
Y, Fx (x3) ( u.v , _ Jx (¥) = 0 for x> x5 since there is no amplitude difference in
=P Ak&.MHc HP(X <Xq v.T»UA.M\,HHH )+ P AMW”R.N ) CDF plot for x>x3,
_ o+w+m+m = m LT Fig. Q.17.1 (b) shows the PDF calculated above.

6.4 : Statistical Averages

Fy(x3) = P(X=x;)
uwtmméifkaéifkna_Twﬁkuawiwﬁmn&v

: B
Important Points to Remember )

1.3 3 1
| = O+.W ..T.W +lm. +w =1 i
w, : - The mean of the random variable is equal to summation of the
% Fig. Q17.1 (a) shows the CDF of X. - values of X' weighted by their probabilities. )
& PDF fy (x) = ,Mlxw.a (x) i.e. Difference in amplitudes of CDF plot of * The 0™ moment of a randor vaciable ' is equal to mean value of |
. . xr - bl
. Fig. Q.17.1. _ - &

B
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Signals and .&E&:q 13?5:5. and Random Varlablos

\\al\. "

» First EoBoE : mean <=En, znno:a moment 18§
and second central moment is variance,

mean square value

o0

m. pMeontrol mgment, E [(X°—m )" ] = _, (x=m )" fy (x)dx.
|

W
-0
Vo
A oI . s RN W R

.18 What is mean/average or expected value of a random variable?
How it is calculated for continnous and discrete random variables ?
I [SPPU : Dec.-07, 11, Marks 2, Dec.-08, May-07, June-22, Marks 3]

>=m.”.vomano="Huon.omsom%anmbaoaasnmzommmmﬁsg
summation of the values of X weighted by their probabilities.
Mean value is denoted by »,. Mean value is also called expected value

of X. Therefore,

my = E[X] .. (Q.18.1)
 The mean value of discrete random variable is given as,
Mean value of discrete _ m, = E[X] =
random variable
S S (@AIR2)
K= > 5 Plx) :
i =1
» Mean value of a continuous random variable is given as,
Mean value of nobzuco:.m T
: =m, = Xl (es) il
random variable : 1_‘8 vidlar) 28

Q.19 Define the terms : Eosons. expection, <m=»=n9 mean square
5_5 and standard deviation.

O [SPPU : Dec.-07, 11, Marks 2, May-12, zw_._a 6, Dec.~-14, Marks 4,
June-22, Marks 3]

Ans. : Expectation or mean value is defined in Q.18.

Sosga dﬁ :.sBoEoBom»ambnoEﬁawEo “N.mmaomnoawmﬁomu.
value of X7, ; ;

Probability and Random «\nl.mw?u

Slgnals and Systems 6-28

X" = E[X")= [ 5[y (x) de

o

Moan Square Valuo :
1.6

e

X% = p(x?)= | 7 [y (r) dx
Variance : The second central moment is called variance of random
variable i.e., :

o2 = Var [X] = E(X ~m 1= | G=m)? fx () d

Standard deviation : It gives the spread of values of 2 random variable
X! from its mean value. i

Q.20 The PDF of a random variable x is given by :
iz )= H.\Na for 0Sx=<27
= 0 otherwise
Calculate mean <w~=ov mean mnE:,m value, variance and mnnnnna

derivation. 05 [SPPU : May-17, Marks 7]
Ans. : i) Mean value
w0 27 1
m, = ._.x\ac&a\xn Aﬁ x.mﬁ&x
3 ey 2 0
2n
= -qH.MMHmQH
0
2n
- 1 | x2
2| 2 | . !

‘The second moment is called mean square value.
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e ———

Integrating by parts,

Xx? = E[x?)= ;T

4
3

on

eI |.5
v Qv dx
=
0

= [-x? ir u.m.. +u.._. xe 3% dx
0

In the above equation, first term will be zero after putting limits. Let us,
rearrange second term as follows,

IN" NAH.INr. T =dAx
b'¢ EXx?) ;T_.’_: &.E

Note that the term inside bracket is mean value, m,. Puiting its value
nﬂuuﬁ?

Q23 The % demsity fonction of 2 random variable "X’ is
fi

given by = .\..a.‘.kvlk
ﬁe otherwise

Determine i) Me2s E[X] i) Mean square valme E[X7]
i) Standsrd deviation.
Ams : i) Mean -

X =a

EE!*E%"

fx?] = _ 2 fx (x)é=

Signuls and Systems 6-32 Probabllity and Random Varlables

i) Standard deviation
0, = JELX?)-E(X)

—

E=[SPPU : May-18, Marks 7, Dec-22, Marks €]

F &N% e ol
” 3 3

-
_ _ .W FORIMULAE AT A GLAMCE .

N
lim —4
N = \.

P (AB) = P (4) - P (B/A) = P (B) - P (A/B)
P(B; YP(A/B;)

i) Probability, P, =

P=(B;/A) = = .
S P(BYPrBy | @D
i=1

m @waoaa‘ ial distribution 7 = 13,
=np (I —p)
Euw%ggﬂ‘ ap, Gy — =D

o 3 A
iv) Uniform distzibution, 2. = e

v) Gaussizn distriation, 7, =m. G2 = ©

vi)CDE, Fx (x)=P X <x)

d

Mqu.l_u.au MﬂW\ ﬁHm“M‘mﬁlnam. ﬁNw

vii) Stziistical averzges, m2. = E [X] = — xfr &

=

.w ir &Gl
=xZ

—n
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Ay, = 2.5 iy ‘ .
“#Oﬂn 1 » ,\: —: ﬂﬂv.- ‘.7_ = jQ° and 4l ]
Ay = SV, ¢, = 60° |

Fig 1 shows the magnitude and ph
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Saolved Universlty Questlon Papers

Q.7 n)y

aene

O Mo )

Sy ‘re or
List the properties of auto correlation and cross correlation Jo
FEY signals, (Not in New Syllabus)

STy

6]
b) A perfect die ts thrown. Find the probability that : 71
1) You get even number i) Y. u get a perfect square.
Ans, :  Sample space for throwing a p :rfect die will be,
8 = {1,2,3, 4,5, 6} Hence N = 6 samples
i) Getting even number, A = (2, 4, 63 Hence N, =3
N , 3
A) = = = == (.5
SV S
ii) Getting a perfect square, B = {1, 4}, Hence N = 2
B
o . = ———=— =333
Flg. 1 : Magnitude and Phase spectrum it ’
b) Find the Fourier transform of the signal Q-8 a) List the properties of probability. Explain conditional
x(t) = sin®,t-u(r) [Refer Q.5 (i) of Chapter - 4 o probability with an example and formula.
Ans. :
Q.5 a) Srate and prove convolution property of Laplace transform.
Refer Q.7 of Chapter - 5] .

[6}
1. Probability of any event is always less than or equal to 'l' and
non-negative. 0< P(A4)<1
i6] 2. If 4 + B is the union of two mutually exclusive events then,
b) Find the initial and final value of : X(s)= (55 + 50)/s(s+5) [71
Ans. : Initial value is given as,

P(A+B) = P (4) + P (B)
3. If 4 denotes the compliment of event A, P(4) = [ — P (4)
50 . :
I i S5+ 50 lim w+nw.. 4. If 4,, A5, ... 4, are mutually exclusive events,
X0 +) = s—>e0s5 X(5) = 5> o0 T o P(A)+P(Ay)+.... 4 P(4,,) = 1
2 H+w 5. If A and B are not mutually exclusive, then
Final value is given as, P (4+ B) = P(4) + P(B) — P(AB)
lim lim lim 55450 e S1ies . X
s o u.l_v o5 X(s) = s = 0 M+m — i) 6. .Ooh&:uoum._ probabilities are given as,
OR
Q.6 a)

P (B/A) = w’mmwvlvﬁaw&\@ug

P(B)

Find the Laplace transform of the given signal and draw its 7. If A and B are statistically independent
ROC : x(t) = —e™u(—r) [Refer Q.9 (ii) of Chapter - 5]

P (4B) = P(4)-P(B)

[6]
71

>

b) Find the inverse Laplace transform of :

b)
X(s) = (3s+7)/(s% = 25— 3) [Refer Q.31 of Chapter - 5]
BecosES

A three digit message is transmitted over a noisy channel

having a probability of error as P(E) = 2/5 per digit. Find and draw the
CDF. [Refer Q.12 of Chapter - 6]
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’ -
o % m, 2 . hegt
- .Nn...»ru.;‘_.ﬁ sin - 3 toN (R, )
: OR
Srate the Dirichlet conditions for axistence of fowrier e
Q4 of Chapter - 3] WA e
[Refer Ql h function s) in F A
For the sinc fumction shown in Mg, 2. obrain Fourter e
nd sz it spectrum  [Refer Q.14 (1) of Chapter - 4) I az\cmm
d x(t)
A T L N Ty S
T . T T o S, £
Fig. 2
5 %) Find the initial and final value of a signal ; (6]
X() = (s+10)/(s* +25+2) [Refer Q.24 of Chapter - 5
b) Find the inverse Laplace transform afi [7]
X)) ==35s=T7/(s + 1 (s - 1) (s + 2)
[Refer Q.29 of Chapter - 5]
! OR
06 2) Find the Laplace transform of the following with ROC : [7]

) %) = u(t - 5) [Refer Q.16 of Chapter - 5]
i) x() = e~ sin (@r)u(r)
Ang, :

) x() = & singor u(t)

Here

3. e SOt s [

2/ u(r)

)= e “sinoru(t)y=e

g ef®_ -8 1 :
Smh=_— % = IHNIAQI\SV INI~Q+\.BrH :Qv
2j 2j

A Guide for Engineering Students

Synals anid Spstenis NN

ainee o ugryetiy _

, o Paly) = u
i

¥
| Luplace tranaform of above equation becomes,
I |
_ X(n)m™ .._ R :
2\ akta~ jmy a+la+s \SL
)

i
Z +s\

' KOC ;: 5 ~u
b (94 a)
&.‘ b)  The differential equation of the system Is given by

I " Byve 2 -
| (1) 20 = ()

conditlon, [Refer Q.35 of Chapter - 5|

¥ 0.7 a)
a practical application for each, [Not in New Syllabus)
£ b)  The PDF of a random vartable x Is given by

1A - Sy () = VY2 for 0sx52n
| : = 0 otherwise
V . Calculate mean value, mean square value,
1 dertvation,
ﬁ 2 i ‘ m 1 [ #2 2n
1 ng, ¢ m, = x X ) dx = b Ll Tl ol
[ _ i sﬁ\x: .Mua m| 2 |
s o 2% 2=
M“N st NN dx = “ .|—|.. = ..P. m -
|.— Sy () ‘Mk Nﬂ&ﬂ | 3
d 0
e 7 2
2 JiwZ) 2 A% 2 _T
G, =X —m~ L =
2
o =T Y
3 3
OR

the probability of gefting a queen, jack combination ?

o o i l.-lrnuumllhtH S .L\.-pla B e e
. =l 2 [

T i L 3
N ol = = a -

Yolved Univeralty Question Papers

ROC : Re(n) =

I Determine the output of system for z(t) = ¢ ""ult) . Assume zero Initlal

What Iy correlation ? Explain the two types of correlations with

variance and standard

Q.8 a) In a pack of cards, 2 cards are drawn simultaneously. What iz

Senes
-

ST sen
—

(6]

AR e e TN Sy A

|
|
|

(6]
171

= S
R e
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Signals and Systems S-9
Ans. : Two cards can be drawn in S2¢ , Ways. L&,
2! 52x 51x 50!
N=2¢C, = S8l et = 1326 ways
27 (52-2)12!  50!x2x1

These are 4 queens and 4 jacks. Hence queen and jack can be chosen in

*c. 1 ways.

41 4!
Ny = fax G = oy Etnma e
N 16
~ Probability = ,,w S 0.0118
b) Suppose that a certain random variable has a CDF : [71
F(X) = 0 forx <0
= ix? jor 0< x <10
= S0k Jor x>10

i} Determine the value of k i) mv? <x<7)
i) Find and sketch PDF [Refer Q.15 of Chapter - 6]

| DECEMBER - 2017 [5252) -531 || Solved Paper |

Course 2015

Time : Two Hours] [Maximum Marks : 50

Q.1 a) Sketch the jollowing signals :
i ufm + 2] —ufn— 3] i) r(1) u(2 =1 (Refer Q.11 of Chapter - 1) [6]

b) Find the convolution of x(t) and h(%) :
x(1) = uft + 1)

k(1) = u(t — 2) (Refer Q.5 of Chapter - 2) [6]
OR
Q.2 a) Check whether the following system is stafic/dynamic,
linear/non-lnear, causal/non-causal, time variant/time invariant : [4]
¥1) = 10x(t) ~ 5 (Refer Q.37 of Chapter - 1)
GECODES A Guide for Engineering Students

e

4 Ived Qn..cmwmn..o\ Question Papers
Signals and Systems S-10 So .m;w_

jgnal is periodic or :ou.ﬁmzo&h
—.Nw e

b) Check whether the following si
If periodic, find the fundamental lime period.
x(t) = 2 cos (10t + 1) — sin (4t —1)
(Refer Q.28 of Chapter - 1)
Determine the convolution sum of two sequences graphically: ﬂm_

c)
xnj =141, 2 3 2 hin] = H 2k
T "
(Refer Q.12 of Chapter - 2) .
Q.3 a) Find the irigonometric Fourier series for the periodic signal
#(t). (Refer Q.12 of Chapter - 3) (6]
R ? : T :
5] i3] -1 [0 J1: [3% B |7
M = TN
Fig. 1
b) Obtain the Fourier transform of a rectangular pulse : {8
x(t) = A rect (/T) (Refer Q.14 of Chapter - 4)
OR
Q.4 a) Obtain the exponential Fourier series of the unit impulse train
x(®) = 3 8(r—kTy) :
k=—c
Sketch the Fourier spectrum (Refer Q.14 of Chapter - 3) : 6

b) Find ‘he Fourier transform of the following signals :

1) x(1) = &(1) (Refer Q.4 (i) of Chapter - 4)
i) x(1) = e~ “ u(r) (Refer Q.3 (i) of Chapter - 4) i
Q.5 a) Find the Laplace transform of :

x(t) = e > [u(t)—u(t - 3)) and its ROC s
tu_?Qv u(r—5))
u(t)—e"

Anms. : x,(1) =
oLy Sy

DECODES . A Guide for Engineering Stud
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.< : =" d 7 4 @, \.‘\\
. Lle has the CDF gwep
Let us rearrnnge this equation as, 08 u) A vertain random v gy Lty ‘\
o BlL=3+8) B Fyix) 0 forx 59
x4 (1) ¢ u(r)~« il ) p P or 0% 10
e~ Uit~ A ™ T utr =B) 10k Jor # >0
- L] wit)—e 05, 5 Bt~ 5) ull =5) Find the value uf e
L Ay oo 4  eter (115 of Chapter - 6)
Here use ¢ u(r) « Ly and tme shift property : 1 Iv) Plot the corresponding PDF (Refer €. -
sS4 f
' g P | . ] o
S . g & b) State and explain the properties of auto-correlation f4 acson ﬂm_
Xo(s) ™ —temg=28, =50 1 . Jmg 2ot 9 4 energy slgnal, (Not in New Syllabus)
) s+ 35 S+ 5 sS4 5 ! - _ —
b) mvwn_ the initial and final values for the following function : \ §< . NOH. m (5352] - 531 1 mo—ﬁa vﬁg
R g - (Refer Q.27 of Chapter - 5) ) 7 S —
" +as+ (6] 7
OR ¥ [course 2015/
1 ; i z 50
Q.6 a) Determine the inverse Laplace transform of : (71 1 Time : Two Hours] [Maximem Marks
X(s) = = (Refer Q.30 of Chapter - 5) . Q.1 a) Perform. the following operations and sketch the signals - 6]
SRR @) y()=r(t+)—rit)+ulr—2)
.. 2 1 - A
b) Find Laplace transform of given periodic signal : (ii) y(n) = uln t..ilwnbal lj+uln—=%)
(Refer Q.15 of Chapter - 5) (6] (Refer Q.12 of Chapter - 1)
_ b) Using impulse response properties, determine whether the
:m

Jollowing systems are :
i) Static/Dynamic
ii) Causal/Non-Causal

; iit) Stable/Unstable :
5 6 7 8 i DR =e 2
“fr ] A 2) h(n) = 28(n)—38(n—1) (Refer Q.20 of Chapter - 2) [6]
| OR
Fig. 2

Q.7 a) In a random experiment, a trial consists of four successive
tosses of a coin. If we define a random variable x as the number of heads
appearing in a trial determine PDF and CDF.
(Refer Q.16 of Chapter - 6)

Q.2 a) Find even and odd components of the following signals :
(1) x(t) = 3r+tcost+t%sinZ 4t

(i) x(n) = {1, 1, — 1, — 1} (Refer Q.18 of Chapter - 1)  [6]
(71
b) State and prove any three properties of PDF.
(Refer Q.11 of Chapter - 6) (6]
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A Gulde for Engineering Students

N LT ol Py S SR e

b}

7 Mehd\leRRl S\

L1

v b kel Gk ek

T T T

!






[
Eea}/ S-215

Solveq Q:.._Swin
Q7 a) Find aufo-correlatioyn g

c-:._ tion Pa
/ e — L apers
real method : Sunctio, of the N
raphic Hignal gy,
N X \\t - AN ~..’ N, u« .nw . ) :.::vh
= T
AnS. * Here x (1) ¥; {2, 1, l\wv 1, 3}, Hence Y(n)= g3 [6]
ion is given e Shdy gy |, 2
>c3o0~.852 g as, R (m) = () = X (=) 1 }
x(m) = ) N "
=2 1 .
x(—m)= 3
1 l._.w 1 5 _
. | e |
2 — 4 2 6
=llos= S a0 2 g .
E 1 -2 1 3 x x =
6 3 -6 3 9 * > i’ >
6 5 -9 1 g9 Ao
7 H 9 5 .6

R (m) =

b)

{6, 5,—9, r%vr:pu.&.
The probability density function of a random variable X ;.
given by : "

Sy (x)=e T u(x)
determine :
(i) CDF

(@) P (1 < X<2)
(Refer Q.16 of Chapter - 6)

() P(X<1)
(iv) P(X > 2)

17
OR

Q.8 a) The probability density Junction of a random variable 'X' is
given by : .

fa P
fx Gy={@ £

0 ortherwise
determine -

(1) Mean E [X)

—

Gecones

A Q..: de for Engineering Students

Slgnials ani Systama 516 Saolved University Question Papers

(i) Mean squere value E (X |
(i) Stundard deviation (Refer (.23 of Chapter - 6) 71
b)

State and prove the relationship between auto-correlation and
energy spectral density of energy signal

[6]
Ans, : Consider the definition of autocorrelation for periodic functions @
: Ty/2
Z - [ ¢ (1) <" (r=1) dt )
R{z) 7 ._ %, ) 5 £ )
0 —To/2

Eann xp (¢) represents periodic signal. We know that a periodic power
signal *, (1) can be represented ag,

=3

Hth = M x(t —mTgy) -~ (2)
m=—-ca

With the above equation we can write equation (1) as,
Ty

oo

._, x(r) M

= = m=—coc

X (t—t—-mTyy dr

The above equation uses limits (— oo, ==) since

% (r) is non-periodic signal.
Let us rearrange the above equation as,

R@ == 2 [ x) = [k-tc+mT,)] d+ - (3)
0 m=—oco _ o
The autocorrelation function of energy signals is given as,
R = [ x@)x" (-7) dr

Here we have used R'(t) notation to indicate that it is different from
R (1). Applying the above definition to equation (3) we have,

. | a@nm.. >  Ric+mI,)
0 m=--o

(&)
Here x (t) =

Autocorrelation function of periodic signals and |
R’(T) = Autocorrel.tion function of energy signals.
©EcODES
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113 unction placed
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b &

= | -
| X
] rehanging QO




b) Seoe amy Six propertiex of Fowrier o S
refer Q8 of Chapter - ) = =

hnu%u mﬂ

===

_ X(2) o x(~w)

reaf =
Iaverse Fourier Trensform is given as,
A T e
x7) = = ] X(@)e™ an
trllg
e<hanging 7 by @ we get, .
i 5
.ﬂ.ﬂev o = .__ -F\Ah.v e™ gy

=

A Guide for Exgincering Smdens
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- F ¥
Right hand side of above equation is Fourier fransform of X(/) 15,

& FT
X (1 p——

» M....I\ILJ._

Parseval's Theorem or Rayleigh's Theorem :
Refer Q.10 of Chapter - 4,

OR
Q4 a)  Find the Fourier transform of the jollowing sigrals 6]
1) x(t) = sgn (1) (Refer Q.11 (i) of Chapter - 4)
2) x(t) = cos (wy 1) uft) (Refer Q.5 (@) of Chapter - 4)
b)

Write expression for trignometric fowrier series and exponenticl
Jourier series. (Refer Q.5 of Chapter - 3) <1

©) Define amplitude and phase specira of the signal 21
Ans. : Amplitade specira of the signal is given by,

_
[C@®) = JE®)= 2@ |

Phase specira of the signal is given by,

1 5 .
| C&)=1zm=n
| ]

—1 ru/.,u.ﬂJ

a(k) .

Qs g)

Find the inmverse Laplace ransform

2 =
Xs) = =
) GEEHDE-D
17 the Region of convergence is - (Refer Q32 of Chapter - 3) (sl
I) -4 SRe(s) <1 ,

2) Re(s) > 1
3) Re(s) <-4

b) 4 signal x(v) has Laplace transfore: : 83
; s+2
ST +4s+35

Find the Laplace rransform of the following signals
) »@)=1x®

2) 3, ()= e "x(r) (Refer Q.13 of Chapter - 5)

———
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S .4,/,,4 = .I.r,rzr/./ﬂo )+

u.m.:,;ucnl. v <f e =5
senal is & power signal. For

Smusoidal sign;
oidal sigmal, Power of ndividyal
;mponsnt 1§~ qr
QO -
» = 3 (5)° S - \
= -~ B =28 W \ |

3 Determine whether ,Nwm, Jollowing  system s static/dy 1 . |
Cousal/Non nmﬁwmm, and stable/Unsiable and justify. < : | m
) = 2t rect| — | (Refer Q.22 of Chapter - 2) | | ,, |
._, o Fig. 1 [6]

; [31 § o wrm of the following signal
IR b) Find Fourier transf if the fe

n

of the following s
i S g system
impulse response is h(t) = e u(r). ystems  whose

m .—” 1+ w A”mu l AA A~.v e N:T va\ ﬁmﬂﬂnﬂu C-ﬂm QA nwmunﬂu _w
AWGnO—. 1M1iaY .Nn— O»u Wm—ﬂmw. - ‘wv é

1 OR _
[4] : . o : w
OR : Q.4 8) Find the Fourier transform of the following signals : Tu._ :
- ; ) ) . F 1) x(t) = sin(1) ”
Q2 a) Compute the convolution integral b apl ii -
sketch the output for the following signals : > &raphical method and 2) x(1) = cos(ey)u(r) (Refer S EREEmRicn )

x(1) = u(t)

4 Ans. : 1) Given : x(7) = sint p
h(t) = e~~"u(1). (Refer Q.6 of Chapter - 2)

m x(®) = —[Ho-D-Ho+1)] m

b) Check whether the following signal is eve 4 4 - : i ,
determine the even and odd part of the E.mxn&mu.. x(t) = u @wﬁ Rigiociyand 1 b) State the dirichlet condition for existence of Fourier series. 1
{Refer Q.19 of Chapter - 1) [4] it Define amplitude and phase-spectrum. (Refer Q.1 of Chapter - 3) 51 W
- 5% § . - - b

) Compute the convolution integral for the following signal : Ans. : Magoitude spectrum - The plot of magitude with respect fo

x) = u(), ht) = 8(r +1)+ 8(r )+ 8(r —1). (Refer Q.7 of Chapter - 2) [2]
d) Deftermine whether the following signals are periodic or not, if
periodic find the fundamental period of the signal
x() = cos(t) + sin(21) (Refer Q.29 of Chapter - 1)
Q3 a) Find the

frequency is called mangitude spectrum. It is given as,

let)| = ya? (k)+ % (k) or |XX)|

Phase spectrum - The plot of phase shift with respect to frequency is
called phase spectrum. It is given as,

- 3) trigonometric/exponential Fourier series for the SO (9) . ﬂ
WM:MQ.R signal x(t) shown in the following figure : hmaa 2 a(k) & .RKC& _W
efer Q, L : s
* Q11 of Chapter - 3) .?_ ¢) Write expression for - trigonomemric Fowrier: series ‘and r
exponential Fourier series. (Refer Q.5 of Chapter - 3) 131

2

(s+4)(-D
If the Region of convergence is :

1) —4 S Re(s) <1 2) Re(s)>1 3) Re(s) < -4 >
- (Refer Q.32 of Chapter - 5)

>
‘Ulﬂo DE

Q.5 a) Find the inverse Laplace :.a:.mwowi of X(s) =

3 R o e —

6]
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Signas a e Determi
= ‘hu»h:.. , S-26 Solved University Question Pgp,, nu, \MSR the fundamenta
A Ry Solved Universig Question Papers , Signals and Systems = sriodic cos2 (Zmt) 2) x (1)
A X)) ha L T 1 = ¥ .
X(s) = —S*2 S Laplace rangform . _ Ans, | Refer Q.2 of Chapter - 6 ) x (0 S Find thei. trigon
ST %454 5 _ ite )3 3 ignal x (t). Sketch
Find 3 iii) P(black or white) > ic sig )
© Faplace transgorsy o the following «; Nblack) = S¢, = 5 oriodi? /11 of Chapter
b J VINg signaly, [6] Here (b S 2efer :
D y@)y= 9 (1) . = and N(white) = 3¢, =3 Find the Fouris
Ref, ar ) ® ¥y < xX(21) black) + P(white) g
e o .
T Q.19 of Chapte, 5) ] < P(black or white) W\Aﬁvm_nw%xv N(white) 5 . g 8 3 e and phase spec
OR p ST T 12 12 12 3 108
Q.6 2) Find 1, 3 : ibuti ! with ect 1o its dene;
¢ Laplace ransyor, ; ©)  Explain Gaussian distribution model wit resp nsity
O o ok & ™ of the foil, i 22 L ~
ok *Y) = e M@t )t e %:3. (Refer o.K\cn me_wmwhumawnxa %&M i oy e e
b : o o :
) Fing the initiqr and finqgl value of the Jollowing signal : [4]
N\h& — 25+ 3

s2 4555 (Refer Q.25 of Chapter -

o ©)  Srare the e
Tansform. (Refer Q.1

5)

NQROE,E“Q betweey, Fouyi

of Chapter . 5) €r transform and Laplace

[2]
Q7 2)  Find e Jollowing teyps -
1) \ASOnowwm,NnRe: 2) Cross correlation (Not in New Syllabus) [2]
b)  Srare the Properties of Probability Depsiry - 1
Qwﬁ..mn .D.Hu of Chapter - 6) i T e, [3]
0 4 random variaple x has PDF. (4]
2A
\.ﬂ )= Sx H O<x<]
0- ; elsewhere
: Find E[X], Ef3x — 2 SE NU_ and standard deviation,
(Refer Q.21 of

Chapter - 6)

d)  Explain uniform distribution model with respect fo its density

and distribution Junction. (Refer Q.6 of Chapter - 6) [4]
. OR

~ Q.8 a) - Consider the experiment as rolling

Jor the random variable X if

the dice 10 each outcome. (Re

of two dice. Find the CDF
it assigns the sum of numbers appearing on
fer Q.14 of Chapter - 6) [6]
b) 4 box contains 3 white, 4 red and 5 black balls. 4 ball is
drawn cf random find the probability that it s 1) Red 2) Not black
) Black or white.

B3]

A Guide for Engineering Students

DECEMBER - 2019 [5668] - 131

[Maximum Marks : S0
e following systems ay,

Time ; 2 Hours]

Q.1 a) Check whether th
and Linear and Justify.

e Causal, Time Variant
1) X2 () +x(t+2)

2.4 a)
2) Ax(n) + B (Refer Q.36 of Cha

pter - 1)
o . b)  Sketch the waveforms Jor the

4 IH
s er

olved Paper y A

State the di
[6] Refer Q.2 of Chapte

Sollowing signals - b) Num.w.w&hwm M
4 Dxm = ﬂmhdlmz (E)+u(r—12 : % x.@ g
: 2)x() = WM.rmc:m,.c. (Refer o.wm of Chapter - 1) 3 PRTaag
€)  Check whether the .\ozoiiw System is stable / unstable, cqygy) Q.5 2) If X(x) =

/ non-causal and static / dynamic wh

ose impulse response is :

h) = .N|~_:Cv

Also justify the same. (Refer Q.23 of Chapter - 2)

. (3}
OR

Q.2 a) Fing the step wm.,.hox.m.mo\
w?m:mc\..

1) h(y = u(r+1)

2) ht, = m:vlmtl.:, (Refer .24 of Chapter - 2)

“. {4)
b)  Compare g, convolution Integral by w..ﬁﬁrmn&§m$o&§m
Sketch the Qﬁhﬁ\ow

b)
systems whose impulse responses are
~u(r—1)

er - 2)

(W) 1) @

Find iny

Refer Q.33 of C

P x(r) = u(r=2) h) =y
(Refer Q.4 of Chapy, [ Secowes
AUMH’@UMQV .
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S$.30 Soived H.l?;ﬁhﬂ,
el st Qe
rklkn ~v.\‘:.d-.;(.-a & o : : 3
| & 4 e series Jor the signal wpp .
Eﬂ = i Daivestil) Y o Pupers N I ..\?..-.!,-. .\ o viln ng .n.ﬂv“
— o i wn? ghown 1 ‘
____ JUNE - 2022 ;sses: . 2ae h Solved Paper )
P ——————
(Course 2019 &y
Time : 2 5 Houry] [(Maximum Marks n / | H\)
Instructions fe the camdidatres -Tp “\ll\lf |||n.
1) New diagrams mucs: be drewm whercver mecessan. : -
2) Figwres w the right indicate full marks. Fig.2
Eo e ig.
%) Use of logarithmic tables, slide-rule, mollier charss, electromic pocket 2
Caiculstor steam tabies is allowed. 1 A Step 1 : Zu%ﬂswmni representation of waveform
. " 3 Ams. @ . , -
4) Assume suitable dara. if mecessary. ¥ (4 sin wy7 for 0= Nc /2
OH 8)  Whar is fowrier series. What are the methods of finding jourier () = 0 for Ip/2<t< N.o
series. Write their expressions. (Refer Q.5 of Chapter - 3) (6 \
b) M.B.m the following properties of DT fourier series. 6] And T, = T = 2m Therefore @, = .l%. T H
. Y Time scaling §) Linearity i) Convelution
: O,ﬂmmn.. o.u.._, and Q.18 of Chapter - 3) Step 2 : To obtain Fourier coefficients
. ©  Find out the exponeniial fourier series for im / :
1g = ‘ ) | ipulse train shown e S g —Jkog! iti
in'Fig.1 below. Also plot it's magn tude and phase spectrum, A= W ._. x(2)e - Pricoaiiy
(Refer Q.14 of Chapter - 3) (61 i
. 17 ik
KAG = ﬂ-—nx&w:ﬂ eoxml.\ EO\Q-N
. )
1
:
. s . 4 \& i =
‘ ﬂ ﬁ H Ak = —[sinre X gt since w, =1 o
== 1 2 o
Here let us use DS : = 2 ulté i
Fig.1 : , ._.m Sin (bx +¢)dx = [asin (bx + c)—bcos (by+
a’ + b2
OR with @ = — jk b = |
» 0= 1, ¢=0 and x = t. Then above j ion wi
* Q.2 a) Explain Gibb's phenomenon Jor fourier series, : e
(Refer Q.9 of Chapter - 3) - T,: X (k) 4 el ’
‘ B D [~ jksin t —cos 1]
(=Jk)“ +1
0
A

S e /™
21 (—jk)? +1 A V

A Ghuide for Engineering Sttt



T
- |
- ‘ | A




i) Scaling

W mnubmuq if frequency of x@ is w,, the frequency of N@

.. .‘ Comment :
wﬂénnb Wnnﬁnbow oo:.vownuﬁ change from m; to ¢ ;.

(Bl Lo

wed S.:...is.

3 Sol
Signals and Systers i s l.whl-\.\\!lr
Interchanging @ by -  we get,
L tw - foot g
x(=m) = X()e «
x (=0 o _”..
/8, 2nx(—m) = .ﬁ X(n)e ot

-

e o X()ie.
Right hand side of above equation 18 Fourier transform of X (1) 1€

X (1)L 2nx(-0)

_ (@
2D = x@) —o— Z(K) = XK ()

— ko 2
X(X) = L1 ._.V.Sm TR0 gy
o o

Proof :

. Since x(t) is periodic, then z(t) = x(at) is also periodic. And if 'T" 18
i

the m.nﬂom of uA»Y ‘then ﬁnﬂom of N3 will ,oo =

5T

x@c will
be awy, since 't' is multiplied by factor .w
.._Honmmoﬂa Fourier coefficients of z(t) can _un énnmz as,

x(at) e /ka00t gy

ﬂ,@

20y =L I 2(ryeTF@0) &

gle

. ?hma = m, then dt = : dm, then above equation becomes,

a

- 4 —jkwgm .W
Zw) = = % x(m)e ~dm
(%) _
[ x0m) e/F20" g = X (1)

(<)

Fourier coefficients of x(t) and x(at) are same

1l

T

but spacing

A Guide for Engineering Students
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Q.3 a) Find the Fourier transform of the Hgnap
skelch magnitude and phase response. (Refey 34 &xSané:
by Obrain the Fourier transform using th Chy Aty

d P wohmw@ 3

1 x(t) = ——[e” “u(t)] (Refer Q.17 @ of
, n_..ss
W x) = 8(t)+e " u(r)

Ans, : i) x(®) = 8 +e "u(t)

We have standard fourier transform pairs,
s(r) <L — 1

Fi 1

a+ jm

.. Be
e U e———7

Using linearly property of fourier transform

FT 8(1)+e” “ut)}y = FT{8()}+FT{e™"u(r))
o
a+ ja

= jles

T

c) State and explain Dirichelet's conditions for the gy
Fourier transform. (Refer Q.2 of Chapter - 4)

OR

Q.4 a) Srate any six properties of Fourier transform.
Refer Q.8, Q.9 and Q.10 of Chapter - 4)

b) Obtain Inverse Fourier transform of the signal given bel
(Refer Q.14 of Chapter - 4)
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évé:ﬁ “ ] ) ;
fine magnitude response and Phase respame Bt 1 Slgnals and Systems §-36 Solved Unlversity Question Papers ,
0 @J.q:z of impuise response. Also sketeh :5\ onse. Obtain (e g B — S . |
A i:“w (Refer Q.4 of Chapter - 4) Siitude responge of | b)  Find the Laplace transform of periodic wave given below. 6] w
g SigHe Ty n £ §
) Find the tnitial and final value of the given function M.M.__ 1 £ ]
3 ) i i
¢ - ST (Refer Q.27 L A
Y5 = T ( Q of Chapter - 5) | 1 __
limitations of Fourier trq i
State the i nsform and ne q ¢
Y . Compare both. (Refer Q.3 of Chapter - 5) g8 flap me 1 a 2a 3a
o
) Given the Laplace transform of X(s) = 2s .. :
D= ;
: N ) :
Determine x(t) and Laplace transform x(3t) and X(1=2). 6] ; Fig. 5
5.+ Using time scaling property, 4 » . .
; ) 1 s\ : ns. : The above square wave can be represented with the help of shifted
H.,ET..nh\.v .f.m.# M ; unit step functions as follows
; x(t) = u(t)—2u(r—a)+2ult—2a)—2u(r—-3a)+..
7 Taking Laplace transform of above eguation with the help of time shift
: 3 q P
ﬁzwum = ; — W .N m - 2 = O.M. d m:.OHvOHﬂV-.
X2 a 2 5 .
? 3 i : 1 i 1 -
MI +M S +Hw u.m~ ﬁ.d.ﬁﬁ.v.u — W|MNN1QMf“loNlMQMlNIUNlehJ:»
3 : s S S S ,
Using the time shift property, e w?lumlﬁl,-um:ma _gp=3as 3 m
n ) .,“
%LGTI..VL e >0 X(s) 1 X : . e ;
: = o T R e LR )
....:nvawh_Iv e 25, 25 : =
s2 +2 : =1 ~lwm..3.’lwllg. ft
S l+e % | 0
OR ] ] :
; . . S . - e §
Q6 a) State any six properties of Laplace transform. _ |~. ey _ ‘—lmmﬂ.ﬁ as ()
[Refer Q.5 to Q.8 of Chapter - 5) (61 1 : 4 S e® 41 s >
: 5 Second annron : The first cycle of square wave of Fig. 6 can be
represented as, :

. s 1 for Q0<r<ta
: x, () =
1 -1 for a<r=<2a

A Guide for Engineering Students
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x. ()

i

Fig. 6

The square wave of Fig. 6 repeats with period T = 24 The Laplace
Tansform of 2 periodic function is given as,

- - 1 - _ 1 .H —9p=as, ~—2gs
X(s) = = Xi(s)= e ME 26" % 4.0 1
L leln.wuu.
==

s(1—e™“)(1+e%)

-as , as P
= Ml’q’ulm "'um H Hmﬂmuﬂ—.—h..klhw
SRS RS  S 2
2
©) Find the Inverse Laplace transform of X(s5) = S(TD(Er2)
With ROC specified gs — ] < Re C5 >< 0. (Refer Q.30 of Chapter - 5)
[6]

. Q.7 a) A4 pox conlains 3 white, 4 red and 5 black balls. 4 ball is
drawn at random find the probability that is.

[6]
i) Red.

i) Not black

i) Black and white (Refer Q.2 of Chapter - 6)
@ A Guide for Engineering Students
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b) Define PDI and CDF. Also, state the properties of chp
PLRF, (Refer Q.10 and Q.11 of Chapter - 6) ; r_
¢)  Glven the pdf for different X values as follows, » = )t pdf =

= 0y x = 3, pdf = 03, x = 4 pdf = 03 x = 5 7 f oA
v 2, pdf gy L ) :
Draw the pdf and ity corvesponding CDF. Also plot the CDE' Jor sam e |

Stgnnle and Systens

Ans. : Here the given data is as follow

P(l) = 0.2 P(4) = 0.3
P(2) = 0,1 P(5) = 0.1
P(3) = 0.3

Calculation of CDF F (x) :
Fy(®) = P(X £x) 4
Fy(1) = P(X<)+P(X =1)=0+02 =02
Fy(2) = P(X <2)+P(X =2)
= P(X <)+P(X =1)+P(X =2)
= 002+ 0,1 =03
Fy (3) = P(X <D)+P(X =)+ P(X =2 R =3
=0+02+0.1+03=056
Similarly, , :
Fy(4) = 0+02+01+03+03 = 0.9
‘and Fy (5) = 0+ 0.2 + 0.1 + 0.3 + 03 +01=1
Calculation of Pdf 1 (x) :

Sy (x) = MMN.J._.‘ (x)
Thus pdf is obtained by taking change in values of cdf at every valye of
X,

Jx M) = Fy (D~F, (0)=02 - ¢ = 0.2

Ly (2) Fy (2)=Fy ()=03-02 = 0.1

Tx G = Fy(3)=Fy 2)= 0.6 - 03 < 0.3

[y (4) Fy (4)=F (3)=09 - 0.6 =03

T (Sr= Fy leﬁ.ﬂ (4)=1-09=01

il

I
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Solveq

- c.lu.cnvw.q
{{ O. 1
, Z«a&. Paper

= 20— Je=U% i
C(+janh)S fZi:Jw,,ﬁ i
2 (I+ ;4
= - ‘ 0] k
) T.\..Li.?, i =93
)
= d = )27k
Tr?::.,T s =1
-j27K = cos2mk =) sin 2nk =
5 & X . k 1 P—/{ﬁzw. :0506.
B T:fn»ﬁo Yl
_ 0.7869
1+ 4"k
- (1)
su. To express exponential fourier series.
in synthesis equati
?N@ = = ARy - T (Q53) in Ovmbﬁae S

) = M 0.7869

.\>80~
ST T:.r.:ln

gp3: To obtain magnitude and phase Spectrum of X(k).

0.7869
e X® = .
have (k) Tare by equation (1)
= 07869 ‘1-j4mk _ 0.7869(1-jank)
1+j4nk 1-j4nk 1+ (4 7k)?
_ _0.7869 0.7869x47k .
il s (2
1+ (4 7k) 1+ (4 k)2 .
X = 8.,;%% . (0.7869x 4 mk)?
O+@nk)’ 12 [1+(ank)?)?

- [(0.7869)% +(0.7869)2 (4 k)2
[1+ (4 k)? 7>

- [(0.7869)* 1+ (4 mk)?)
[1+(4mk)?7?

A Guide for Engineering Students
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0 7869
R ————————

Fe(dpry

Xrk) =

i

And Phase Spectrum is given as

LX(k) = tan ) | Imaginary part of eq (2) |
Keal part of eqi(2) J
- LX(k) = <tan Vsxk)

Hc:oi_:w table lists the calculation of (X(k)) and £ X (k)

0.7869
——
yl+(4rk)

Xtk =

0.0208

0.0312

00624
0.7869 5

o i e

0.0624

0.0312
0.0208 e

Fig. 1(a) shows the magnitude: and phase plot as per above calculations.
(Refer Fig. 1(2) on next page)

Comments on Results

c Observe that |X(%)| =
since x(7) is real.

|X(~ k)| i.e. magnitnde response is symmeiric

ii) The phase spectrum is antisymmetric for real signal

iii) We know that @, = 4m. Hence each <w~#n of ' changes the scale on
x-axis by 'k, " ie.

'kwg' =0, £y, £2m), T30y, ... = 4wk

=0,+L %2 ..=0, *4m 8w T12%| ... .
iv) The frequencies £2@,, 3@y, £4®, ... are called barmonies of
fundamental frequency .
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e
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Ky, = 4n k]
o i
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Fig. 1 (a) Magnitude ang phase plot

OR
Q2 a) Find ke rigonometric  Fourier series for the periodic
signal x(t) given below. (Refer«Q.12 of Chapter - 3) [8]

x(t)
lh —
— =

9]

RS

Fig. 2
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Signals and Systems

State the following ﬁw,oﬁm\:.ma of CTFS
i) Time scaling 1) Time ?Rmin:.o:

b)

&u ?NQ&S& Iy

Ans. : Scaling :
ﬁ z(r)

i

M?..CE.IV Z(k) = X (k)

A =
Proof : X (k) = %Hm&m 700t gy
N,Aﬂv

« Since x(r) is periodic, then z(7) = x(at) is also Periodic, A
. . T

the period of x(7), then period of z(¢) will be L. .

d

« Similarly if frequency of x(r) is w, the frequency of 2(1) =
be awy, since 't' is multiplied by factor 'a".

Therefore Fourier coefficients of z(+) can be written as,

P Iy
26yt s e/ e

Bo

¢ a ._. Hn&%v&l.ﬁg.as&s

ar)y

Il

1 .
Put ar = m, then dr = —dm, then above €quation becomes,

da

Zk) = & %Hmu&ml.isos..waﬁ

)
%\._.. xX(m)e 0! gy = () _

k|

Comment : Fourier coefficients of x(r) and x(ar) are same, but spicit
between m.na:nnnw. components change from W, o awy.
i .

Multiplication or Modulation Theorem : . ‘
_ Z()F= HQV.RC.EIV Z(k) = NQ&.&AS\\

Recones
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\ — : . - "

. ¢ :

proof : <(k) = P _ 2(r)e .;_::;..
<I's

1
=7 .?;:;:_,_ daad

Yed? Oy,
ook L ...M:_ ...\.::":....}_.q,._ Question Lapers

dr putting for 2(1)

< S

By synthesis equation, x(7) = M X(k)e/@o! p

k= v

utting this expression for

x(r) in above equation,
1
Z(k) = = %
5 <r

Note that index of summation is changed
differentiate between two indices of 'k' and 'y
of integration and summation,

M .,.w\C:vms.EEch Cy(2)e k0ot 4y

>k=~oo

in above equation to
1 e
¢!, Interchanging the order

Z(k) = M X (m) 1 ._.&Qumlu.;l::eﬁ&_
SR T

<I>

The quantity inside the bracket indicates

Fouri .
Hence above equation will be, .oE.EH coefficients ¥ (k~m).

Z(k)

il

> X (m)Y (k—m)

=—00

- Z(k) = X(k)*Y (k)

©)  Explain Gibb's phenomenon of Fourier series.
(Refer Q.9 of Chapter - 3)

I

[4]
3 0a i y
W;un?,.w.ox. ind the Inverse Fourier T ransform using partial fraction
XGo0) = — .
(Jw)* + 5w+ 6 . i
ims. : The given function can be written as,
X(jm) = I.,_l[.l
(Jo+2)(jw+3)
e S k|
Jw+2 jw+3
ECODES

A Guide for Engineering Students
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.-

Taking inverse fourier transform

x(ry = e utry—e ()
by Find the Fourier Transform of a constant signal AO. (6]
(Refer .11 (i) of Chapter - 4)
¢) Find the Fourter Transform of a
) x(1) = &)+ ulr)
1) (1) = u(=1) (4]
Using properties of F.T.
Ans, 1 1) x(t) = () +u(l)
X(wy = FT 8(r)y+ult);
By linearity property, - E
X(w) = FT {8(t)y + FT {u(r)}
1

= 14—

J®

i) x(®) = (-1

1
We know, u(t)=—
Jjw
. . e 1
By time reversal property, # ) =
OR
Q.4 ) State any six properties of fourier transform.
. (Refer Q.8, Q.9 and Q.10 of Chapter - 4) 6]
b) Find the Fourier Transform of the signum function.
(Refer Q.11 (ii) of Chapter - 4) 7
¢) Obtain the Inverse Fourier Transform of
2 1
X(jw) = B .
(o) jo+1 jo+2 (4]

Ans. : Here use the standard FT pair,

FT 1

ey (1 _—
) a+ jw
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